Exam Optimal Control of Economic Systems, code 156066

Date : 29-06-2001
Location : BB1
Time : 9.00-12.00

Please provide clear motivation for all your answers and indicate which theoremsyou are using.
Do not spend too much time on a single item. If you are not able to solve part(s) of a problem,
then move on and use those partsasif you have already solved them.

1. A curve needsbe drawn in the planeconnectingthe points (x, y) = (0, 2) and (2, 0). The curve
shouldreachthezerolevel asfastaspossible on the otherhandthe steepnesshouldnot betoo big.
This problemcanbe modelledasfollows: Minimize

2
/0 y(X) + y(x)%dx  y(0)=2 y2)=0 1)

(a) Findafunctiony(x) thatsatisfieshe necessargonditionsfor optimality.
(b) Sameproblemexceptthatnow y(2) is free.

2. Let f : R? — R? bedefinedby
f (X1, X2) = (=sin(xy) +sin(Xz), — sin(x2)), )
andconsiderthesystem
X(t) = f(x(t)) 3

(a) Calculateall real equilibriumpoints.

(b) Calculate%(f(l, X») for all equilibriumpoints (X1, %) € R?.

(c) Investigatehestability of (0, 0).

(d) Investigatehe stability of (7, 0).

(e) LetA= % (0,0). SolvetheLyapunw equationA” P + PA = —4l.

() Provide aLyapunw functionthatprovestheasymptoticstability of (0, 0).

(g) Can(0, 0) beglobally asymptoticallystable?

3. A new light railway needgo be constructedetweenEnschedandHengelo.To save materialand

to minimize traveling time the track is requiredto be of minimal length. Of courseif Holland, or
Twentefor that matter were flat thenthe solutionwould be to draw a straightline. However, as

everybodyknows thereis a hugeobstacle formedin the lastice age,betweenthe two cities: the
impressve DrienerMountains.

We modelthe problemof constructingthe railway of minimal lengthasfollows. In the x-y plane
we designa curve thatwe view asthe graphof a function: (x, y(x)). The Drienermountainsdue
to erosion,admita very crispandcleardescription:z = 1 — x?. Enschedss situatedin (x, y, z) =
(—1, —1, 0) andthe coordinateof Hengeloare (1, 1, 0). For a givenchoiceof y(-), the curve that
thetrackfollowsis parameterizeds(x, y(x), 1 — x?). SeeFigurel.

Thelengthof thecurweis givenby:

1
/,/1+ V(X)2 + 4x2 dx 4)
-1

(a) Shaw thatthe optimalpathsatisfies:
—Axy(x) + YO +4CY) =0 y(-1)=-1 yd)=1 5)



Figurel: Light railway from Ensched&o Hengelocrossingthe ruggedDrienerMountains

(b) Substitutev = y in (5) andprove (by separatiorof variablesor by inspection)}that

v(X) =C1v/1+4x2 somec; € R (6)
The optimal pathis thereforegivenby
X
y(X) = Cz+C1/\/1+4SZdS (7

-1

4. Considerthesystemandcostcriterion:

1
%x: u J(Xo, U) = / 2X(1)% 4 2x(t)u(t) + u(t)?dt (8)
0

(a) Givethe Hamiltonian,determinethe optimal control, andderive the differentialequationgor
theco-state.

(b) Solvethedifferentialequationdor the stateandco-state.

(c) Assumethatthe valuefunction for this problemis of the form p(t)x?. Derive a differential
equationfor thefunction p.

(d) Usetherelationbetweenthe valuefunction andthe co-stateto solve the differentialequation
for p.
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