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Abstract. Jackson queueing networks (JQNs) are a very general class of
queueing networks that find their application in a variety of settings. The
state space of the continuous-time Markov chain (CTMC) that underlies
such a JQN, is highly structured, however, of infinite size in as many
dimensions as there are queues. We present CSL model checking algo-
rithms for labeled JQNs. To do so, we rely on well-known product-form
results for the steady-state probabilities in (stable) JQNs. The transient
probabilities are computed using an uniformization-based approach. We
develop a new notion of property independence that allows us to define
model checking algorithms for labeled JQNs.

1 Introduction

Queueing networks have been used for about half a century now, for modeling
and analyzing a wide variety of phenomena in computer, communication and
logistics systems. Seminal work on queueing networks was done by Jackson in
the 1950s [11, 12]; in which he developed an important theorem that characterizes
the steady-state (long-run) probabilities to reside in certain states in a restricted
class of queueing networks (see the next section).

However, there are many phenomena in the above classes of systems that
cannot be studied well using these long-run probabilities. In communication sys-
tem models, the following situations reflect such cases: (i) what is the probability
that starting from an initial empty system, within t time-units, at least ki pack-
ets are buffered at queue i? (ii) what is the probability that starting from an
overload situation, e.g., characterized by at least L packets at each queue, within
t time-units, a low load situation, e.g., characterized by at most l << L packets
at each queue is reached again?

Clearly, the above sketched scenarios require more than just long-run prob-
abilities. Since logics like CSL have been shown to be extremely helpful in spec-
ifying similar properties for finite CTMCs [2, 3], we also pursue a CSL model
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checking procedure for the CTMCs that underlie so-called Jackson queueing
networks (JQNs). As we know from [3], for CSL model checking of CTMCs, we
need to be able to compute both steady-state and transient state probabilities
for all states, and for all possible starting states. The key issue lies in the fact
that the CTMC underlying a JQN is infinite in as many dimensions as there
are queues in the JQN. For the steady-state probabilities we can rely on the
seminal work of Jackson, however, for the transient state probabilities, no re-
sults are readily available. Inspired by our recent work on CSL model checking
for quasi-birth-death processes (QBDs), which form a different class of infinite-
state CTMCs [15], we use an uniformization-based approach to compute just
those transient state probabilities in JQNs that are needed to verify the validity
of CSL properties. The highly structured state space allows us to conclude the
validity of CSL properties for groups of states on the basis of the validity for a
so-called representative state in such a group. This reduces the infinite number
of state probabilities to be computed to a finite number.

We are not aware of any other work that addresses the model checking prob-
lem solved in this paper. However, there is related work on model checking in-
finite state systems, such as, e.g., Boucherie product processes [4], probabilistic
lossy channel systems [18], regular model checking [1], recursive Markov chains
[8] and probabilistic pushdown automata [5], as well as on transient analysis of
queueing networks [14, 10] and on transient analysis of infinite-state systems with
uniformization [19, 6]. None of this work, however, addresses the model checking
questions that we address.

The rest of this paper is organized as follows. We introduce JQNs in Section 2
and discuss the form of the underlying state space and transition relation in detail
in Section 3. We briefly rehearse the logic CSL in Section 4, before we discuss the
model checking algorithms for all the CSL operators in Section 5. Note that we
restrict ourselves to the time interval [0, t] for the time-bounded until operator.
Finally, Section 6 presents some conclusions. A running example to illustrate the
key concepts and procedures is provided throughout the paper.

2 Jackson queueing networks

Jackson queueing networks (JQNs) consist of a number of interconnected queue-
ing stations, numbered 1, . . . , n. At each individual queueing station i, jobs arrive
with a negative exponential inter-arrival time distribution with rate λi, and the
job service requirements are also negative exponentially distributed, however,
with rate µi. There is a single server at each queueing station1 Jobs arriving at
a queue are served in first come first served (FCFS) order. Jobs arriving when
the server is busy, are queued in an unbounded buffer. Each queue in a JQN be-
haves, in essence, as a simple so-called M |M |1 queue. We assume a never empty
source from which customers originate and arrive at the JQN, and into which
they disappear after having received their service. This environment is indexed

1 This can be alleviated easily to m-servers.



0 and the overall arrival process from the environment is a Poisson process with
rate λ.

A finite routing matrix R ∈ R
(n+1)×(n+1) contains the routing probabili-

ties from queue i to queue j with i, j ∈ {0, 1, · · · , n}: ri,j ∈ [0, 1]. Note that
∑n

j=0 ri,j = 1 for all i. In case ri,j = 0 there is no routing from queue i to queue
j and in case ri,j = 1, j is the only output for queue i. The routing probability
ri,0 gives the probability that a job actually leaves the queueing network after
completion at queue i and the routing probability r0,j gives the probability that
an arriving customer is routed to queue j. Note that r0,0 = 0 by definition and
that we do allow for self loops (e.g., ri,i > 0 is allowed). A state in a JQN can
be defined as s = (s1, s2, · · · , sn), where si ≥ 0 represents the number of cus-
tomers in queue i. A more precise discussion of the state space S is postponed
to Section 3. For model checking purposes, we also need a state labeling. This
leads us to the following definition.

Definition 1 (Jackson queueing networks)
A labeled Jackson queueing network LJQN J of order n (with n ∈ N

+) is
a tuple (λ, µ,R, L) with arrival rate λ, a vector of size n of service rates µ, a

routing matrix R ∈ R
(n+1)×(n+1) and a labeling function L that assigns a set of

valid atomic propositions from a fixed and finite set AP of atomic propositions
to each state s = (s1, s2, . . . , sn). 2

Restriction 1
In the following we will restrict ourselves to atomic propositions of the form
∧n

i=1(si
<
≥
mi) for mi ∈ N. This restricts the formulas we are able to check.

Example 1
In Figure 1(a) we present a LJQN with two queues that will serve as running
example. The external arrival rate is λ, the vector of service rates is given as

µ =

(

µ1

µ2

)

and the routing matrix is R =





0 r0,1 r0,2

r1,0 0 r1,2

r2,0 r2,1 0



. The labeling L will

be introduced later.

Definition 2 (Traffic equations)
The overall flow of jobs through each queue j is given as: λj = λr0,j+

∑n
i=1 λiri,j ,

for j = 1, . . . , n. These equations are called (first-order) traffic equations. 2

Definition 3 (Utilization)
The utilization per queue i is defined as ρi = λi

µi
. 2

Restriction 2
In case all ρi = λi

µi
< 1, the QN is said to be stable. That is the number of

arriving jobs per unit time is smaller than the amount of jobs that each queue
can handle per unit time. This guarantees that the queue will not build up
infinitely. In the following we restrict ourselves to stable LJQNs, to be able to
compute steady-state probabilities.



The long-run probability that s customers are presently in a singleM |M |1 queue,
that is, the so-called steady-state probability, for a single stable M |M |1 queue
(with ρ = λ

µ
< 1) is: Pr{S = s} = (1 − ρ)ρs, where S is the random variable

indicating the number of customers in the queue [13]. In [11, 12], Jackson proved
the following theorem:

Theorem 1 (Jackson)
The overall steady-state probability distribution under restriction 2 (stability)
is the product of the per-queue steady-state probability distributions, where the
queues can be regarded as if operating independently from each other:

Pr{S = s} =

n
∏

i=1

(1 − ρi)ρ
si

i , s = (s1, . . . , sn) ∈ S. (1)
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(a) two queues with feedback (b) underlying state-space

Fig. 1. JQN with two queues

3 State space, transitions, independence and paths

This section addresses in detail the underlying state space of a LJQN. In Sec-
tion 3.1 the underlying infinite state structured Markov chain is described. Sec-
tion 3.2 explains how the infinite state space can be structured using atomic
propositions and a new notion of independence is introduced. In Section 3.3 we
define paths and transient as well as steady-state probabilities on LJQNs.

3.1 Infinite state structured Markov chain

The underlying state space of a LJQN J of order n is a highly structured labeled
infinite-state continuous-time Markov chain with state space S = N

n that is
infinite in n dimensions. Every state s ∈ S can be represented as an n-tuple
s = (s1, s2, · · · , sn), with si ≥ 0. The labeling function L : S → 2AP on the
state space then assigns from the set AP of atomic propositions the set of valid
atomic propositions to each state. The state ŝ = (0, . . . , 0) is called origin. As



the number of customers in queue i is restricted to si ≥ 0, for all i ∈ {1, . . . , n},
the underlying state-space is limited towards the origin in every dimension. An
n dimensional state space S is bounded by n so-called boundary hyperplanes of
dimension n − 1. Note that these boundary hyperplanes consist of an infinite
number of states for n ≥ 2. State changes may occur due to an arrival at queue
i from the environment or a departure to the environment from queue i, or by
routing of a customer from queue i to queue j for 1 ≤ i, j ≤ n. By adding a state
change vector to the source state, the destination state is defined: an arrival at
queue i is denoted by the vector ai, a departure from queue i is denoted by the
vector di, and a job routing from queue i to queue j is denoted as vector f i,j ,
with:

ai =

{

aj = 1 i = j,

aj = 0 j 6= i.
di =

{

dj = −1 j = i,

dj = 0 j 6= i.
f i,j =











fk = −1 k = i,

fk = 1 k = j,

fk = 0 otherwise.

Note that an arrival is always possible, the new state is then defined as s′ = s+ai.
A departure or a job routing from queue i is only possible, when there is at least
one customer in queue i; in this case the new state s′ is computed as: s′ = s+di

or s′ = s+ f i,j , respectively.

Definition 4 (Generator function)
The rate for a state change from a state s to another state s′ within the infinite
state space S is given by the generator function G(s, s′) : S×S → R

+, for s 6= s′,
as follows:

cause restriction state change G(s, s′)

arrival none s′ = s + ai λ · r0,i

departure si > 0 s′ = s + di µi · ri,0

routing si > 0 s′ = s + f i,j µi · ri,j

and G(s, s′) = 0 for s 6= s′ in all other cases. G(s, s) is defined as the negative
sum over all possible outgoing rates from s, that is

G(s, s) = −

(

λ+

n
∑

i=1

µi · 1si>0

)

,

where the indicator function 1si>0 returns 1 if si > 0, and 0 otherwise. 2

Example 2
Figure 1(b) shows the underlying state space of the LJQN from Example 1 that
is infinite in two dimensions. Arrivals occur in both dimensions with rate λ · r0,1

and λ · r0,2, departures happen from both dimensions with rates µ1 · r1,0 and
µ2 · r2,0, respectively, and jobs are routed from queue 1 to queue 2 with rate
µ1 · r1,2 and from queue 2 to queue 1 with rate µ2 · r2,1.

3.2 Independence of atomic propositions

Recall that we restrict ourselves to atomic propositions of the form
∧n

i=1(si
<
≥
mi)

for mi ∈ N. Due to this restriction, the validity of an atomic proposition does not



change anymore for si ≥ mi onwards for dimension i. Hence, we can define the
so-called independence vector m = (m1, . . . ,mn) and call the atomic proposition
independent as of m. For the set of states {s ∈ S | ∀i(si ≥ mi)} the validity of
the atomic proposition remains the same.

The state space can be partitioned into a finite set of boundary states Sb

and a finite number of infinite representative sets of states (denoted Sr) such
that the validity of an atomic proposition ap ∈ AP does not change any more in
this set. We choose a representative state r for each of these infinite sets Sr such
that for all s ∈ Sr the labeling does not change: L(r) = L(s), for all s ∈ Sr. In
general, in an n-dimensional LJQN, there are n types of representative sets that
account for 1 up to n infinite dimensions. A representative set is called infinite in
dimension i if and only if ri = mi, and restricted in dimension i otherwise. In case
a representative state r is infinite in k dimensions it represents a k dimensional
set Sr, such that

s ∈ Sr ⇔

{

si ≥ ri iff ri = mi,

si = ri otherwise.

Hence, a state s belongs to Sr when it takes the same value as r in the restricted
dimensions and any value ≥ ri in the infinite dimensions. For atomic proposi-
tions, the origin ŝ represents the finite set of boundary states that is defined as
Sb = {s ∈ S | si < mi, ∀i ∈ {1, . . . , n}}. The finite union of all representative
states is called representative front and defined as R(m) = {r ∈ S | ∃i : (ri =
mi)∧ (∀j 6= i : (rj ≤ mj))}. Note that S = Sb ∪

⋃

r∈R(m) Sr. For atomic proposi-
tions the representative front can be made smaller, however, for model checking
CSL properties in general we need the full representative front as defined above.

Example 3
Suppose we define the atomic proposition ap1 = (s1 ≥ 2)∧(s2 ≥ 3) for the LJQN
from Example 1; the white states in Figure 2(a) then depict those states where
ap1 is valid. The representative front for ap1 is formed by the states in the grey
polygon: (0, 3) accounts for the states (0, j), with j ≥ 3, and (1, 3) represents
the states (1, j) with j ≥ 3. For i ≥ 2, (2, 0) represents (i, 0), (2, 1) represents
(i, 1) and (2, 2) represents (i, 2), respectively. These five representative states
all account for a one dimensional set of states. The representative state (2, 3)
accounts for the two-dimensional set of states S(2,3) = {s ∈ S | s1 > 2∧ s2 > 3}.
The black states belong the the boundary set Sb with representative (0, 0).

Example 4
Figure 2(b) shows the representative front for the atomic proposition ap2 =
(s1 < 3) ∧ (s2 < 3) ∧ (s3 < 3) in a LJQN of dimension three. The atomic
proposition is valid in the black states only (of the 27 only 9 are visible). All the
remaining depicted states are representative states. We have different types of
representative states: the white ones represent a set of states that is infinite in
one dimension, the grey ones represent a set that is infinite in two dimensions
and the light grey one (3, 3, 3) represents a set that is infinite in three dimensions.
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Fig. 2. Representative front of states for independent atomic propositions

3.3 Paths and probabilities

In what follows, we first present the notion of path, before we define steady-state
and transient state probabilities.

Definition 5 (Paths)
An infinite path σ is a sequence s0

t0−→ s1
t1−→ s2

t2−→ . . . with, for i ∈ N, si ∈ S

and ti ∈ R>0 such that G(si, si+1) > 0 for all i. A finite path σ of length

l + 1 is a sequence s0
t0−→ s1

t1−→ . . . sl−1
tl−1
−−−→ sl such that sl is absorbing2, and

G(si, si+1) > 0 for all i < l. For an infinite path σ, σ[i] = si denotes for i ∈ N

the (i+1)st state of path σ. The time spent in state si is denoted by δ(σ, i) = ti.

Moreover, with i the smallest index with t ≤
∑i

j=0 tj , let σ@t = σ[i] be the
state occupied at time t. For finite paths σ with length l+ 1, σ[i] and δ(σ, i) are
defined in the way described above for i < l only and δ(σ, l) = σ[l] = ∞ and

δ@t = sl for t >
∑l−1

j=0 tj . Path
J (s) is the set of all finite and infinite paths in

the LJQN J that start in state s and PathJ includes all (finite and infinite)
paths of the LJQN J . 2

As for finite CTMCs, a probability measure on paths can now be defined de-
pending on the starting state [3]. Starting from there, two different types of state
probabilities can be distinguished.

The transient state probability is a time-dependent measure that considers
the LJQN at a given time instant t. The probability to be in state s′ at time
instant t, given initial state s, is denoted as VJ (s, s′, t) = Pr{σ ∈ PathJ (s) |
σ@0 = s ∧ σ@t = s′}. The transient probabilities are characterized by a lin-
ear system of differential equations of infinite size. Let V(t) be the matrix of
transient state probabilities at time t for all possible starting states s and for all

2 A state s is called absorbing if for all s′ the rate G(s, s′) = 0.



possible goal states s′ (we omit the superscript J for brevity here), then we have
V′(t) = V(t) · G, given V(0) = I. An efficient method to compute the transient
probabilities will be discussed in Section 5.4.

The steady-state probabilities to be in state s′, given initial state s, are
defined as πJ (s, s′) = limt→∞ VJ (s, s′, t), and indicate the probabilities to be
in some state s′ “in the long run”. If steady-state is reached, the above mentioned
derivatives V′(t) will approach zero. As we require stable queues the underlying
state space of the LJQN is ergodic and, the initial state does not influence the
steady-state probabilities (we therefore write π(s′) instead of π(s, s′) for brevity).
In the context of LJQNs the steady-state probabilities per state can be computed
using the product-form of Theorem 1.

4 The logic CSL

We use the logic CSL [3] to express properties for LJQNs. The syntax and
semantics are the same as for finite CTMCs, with the only difference that we
now interpret the formulas over states and paths in LJQNs. Let p ∈ [0, 1] be a
real number, ⊲⊳ ∈ {≤, <,>,≥} a comparison operator, t1, t2 ∈ R

+ real numbers
and AP a set of atomic propositions with ap ∈ AP . CSL state formulas Φ are
defined by

Φ ::= tt | ap | ¬Φ | Φ ∧ Φ | S⊲⊳p(Φ) | P⊲⊳p(φ),

where φ is a path formula constructed by

φ ::= X [t1,t2]Φ | Φ U [t1,t2]Ψ.

For a CSL state formula Φ and a LJQN J , the satisfaction set Sat(Φ) contains
all states of J that fulfill Φ and is computed with a recursive descent procedure
over the parse tree of Φ, as for CTL [7]. Satisfaction is stated in terms of a
satisfaction relation |=. The relation |= for states and CSL state formulas is
defined as:

s |= tt for all s ∈ S, s |= Φ ∧ Ψ iff s |= Φ and s |= Ψ,

s |= ap iff ap ∈ L(s), s |= S⊲⊳p(Φ) iff πJ (s, Sat(Φ)) ⊲⊳ p,
s |= ¬Φ iff s 6|= Φ, s |= P⊲⊳p(φ) iff ProbJ (s, φ) ⊲⊳ p,

where πJ (s, Sat(Φ)) =
∑

s′∈Sat(Φ) π
J (s, s′), and ProbJ (s, φ) describes the prob-

ability measure of all paths σ ∈ Path(s) that satisfy φ when starting in state
s, that is, ProbJ (s, φ) = Pr{σ ∈ PathJ (s) | σ |= φ}. The steady-state operator
S⊲⊳p(Φ) denotes that the steady-state probability for Φ-states meets the bound
p. P⊲⊳p(φ) asserts that the probability measure of the paths satisfying φ meets
the bound p. The next operator X [t1,t2]Φ states that a transition to a Φ-state is
made between t1 and t2. The until operator Φ U [t1,t2]Ψ asserts that Ψ is satisfied



at some time instant in between [t1, t2] and that at all preceding time instants
Φ holds. The relation |= for paths and CSL path formulas is defined as:

σ |= X [t1,t2]Φ iff σ[1] is defined and σ[1] |= Φ and t1 ≤ δ(σ, 0) ≤ t2,

σ |= Φ U [t1,t2]Ψ iff ∃t(t1 ≤ t ≤ t2) (σ@t |= Ψ ∧ (∀t′ ∈ [0, t)(σ@t′ |= Φ))).

From [15] we know that CSL formulas are not level independent on QBDs in
general, even if the atomic propositions are level independent. However, their
validity does not change arbitrarily between levels. In the following we will show
that for CSL formulas on LJQNs we can also find a state from which the validity
of the CSL formula does not change anymore.

Definition 6 (Independence of CSL formulas)
Let J be a LJQN of order n. A CSL state formula Φ is independent as of m
if and only if there exists a finite representative front R(m) = {r ∈ S | ∃i(ri =
mi) ∧ (∀j 6= i(rj ≤ mj))} such that for all r ∈ R(m) and for all s ∈ Sr it holds
that r |= Φ⇔ s |= Φ. 2

The following propositions states, under the assumption of independent atomic
propositions as of m, that such a finite representative front R(m′) exists for any
CSL state formula. We will justify this proposition inductively over the structure
of the logic in Section 5.

Proposition 1
Let J be a LJQN of order n with independent atomic propositions as of m and

let Φ be a CSL state formula other than P⊲⊳p(Φ U [t1,t2]Ψ). Then there exists
a finite representative front R(m′) such that the validity of Φ does not change
within each subset Sr for r ∈ R(m′) in J . For the until operator P⊲⊳p(Φ UIΨ) we
assume that for no state s the probability measure is exactly equal to p. Under
this assumption, there exists a vector m′, such that P⊲⊳p(Φ UIΨ) is independent
as of m′ in J . 2

For a CSL formula that is independent as of m, the satisfaction set can be con-
sidered as the union of the boundary satisfaction set Sat

Sb(Φ) = Sb∩Sat(Φ) and
the representative satisfaction front SatR(m)(Φ) = R(m) ∩ Sat(Φ). The repre-
sentative state r ∈ R(m) then represent the remaining infinite state space.

5 Model checking algorithms

In this section we present model checking algorithms for CSL. In Section 5.1 we
explain how independence changes when applying logical operators. We explain
how to model check the steady-state operator in Section 5.2, the next operator
in 5.3 and the until operator in Section 5.4, including a discussion on how to
compute transient probabilities in LJQNs.



5.1 Logical operators

The model checking procedure for logical operators is the same as for finite
CTMCs. The only thing we need to take care of is how independence changes.
Negating a CSL formula does not change its independence. For a CSL formula
Φ that is independent as of m the negation ¬Φ is also independent as of m.
However, combining a CSL formula Φ that is independent as of mΦ with a CSL
formula Ψ that is independent as of mΨ with conjunction, changes independence
depending on the structure of Φ and Ψ . In any case, we can state that Φ ∧ Ψ

is independent as of m = max{mΦ,mΨ}, where we choose the maximum of mΦ
i

and mΨ
i in every dimension i. Note that this new independence vector m might

be too pessimistic, depending on the structure of Φ and Ψ .

5.2 Steady-state operator

Theorem 1 states the steady-state probabilities in a JQN. A state s satisfies
S⊲⊳p(Φ) if the sum of the steady-state probabilities of all Φ-states reachable
from s meets the bound p. Since a JQN is by definition ergodic, the steady-state
probabilities are independent of the starting state. It follows that either all states
satisfy a steady-state formula or none of the states does, which implies that a
steady-state formula is always independent as of m = (0, . . . , 0). We sum the
steady state probabilities of all states that satisfy Φ by summing over all states
s ∈ Sr for r |= Φ and over all states from Sb that satisfy Φ:

s |= S⊲⊳p(Φ) ⇔
∑

s∈Sb,

s∈Sat(Φ)

p(s) +
∑

r∈R(m),
r∈Sat(Φ)

∑

s∈Sr

p(s) ⊲⊳ p (2)

We obtain Sat(S⊲⊳p(Φ)) = S, if the accumulated steady-state probability meets
the bound p otherwise Sat(S⊲⊳p(Φ)) = ∅. In case the representative state r ∈
Sat(Φ), all states s ∈ Sr are in Sat(Φ). The accumulated steady-state probability
for all states s ∈ Sr is given by the following expression:

∑

s∈Sr

p(s) =

n
∏

i=1

Ω(i), with Ω(i) =

{

(1 − ρi)ρ
ri

i for ri 6= mi,

ρmi

i for ri = mi.
(3)

In this expression we distinguish between the finite and the infinite dimensions
of a representative state r. In a finite dimension i we multiply with (1 − ρi)ρ

ri

i

and in an infinite dimension i we multiply with ρmi

i .

Proof 1 (Accumulated steady-state probability)
Applying Jackson’s Theorem, the accumulated steady-state probability is given
by

∑

s∈Sr

p(s) =
∑

s∈Sr

(

n
∏

i=1

(1 − ρi)ρ
si

i

)

. (4)

Recall that

s ∈ Sr ⇔

{

si ≥ ri iff ri = mi,

si = ri otherwise.



According to Jackson’s Theorem we can consider the dimensions independently
from each other. Hence, for every dimension i = 1, . . . , n, a state s ∈ Sr may
take all values j ≥ mi in case ri = mi and the value ri in case ri 6= mi . Thus,

∑

s∈Sr

p(s) =

n
∏

i=1

Ω(i), with Ω(i) =

{

(1 − ρi)ρ
ri

i for ri 6= mi,
∑∞

j=mi
(1 − ρi)ρ

j
i for ri = mi.

(5)

The infinite sum can be rewritten

∞
∑

j=mi

(1 − ρi)ρ
j
i = (1 − ρi)

∞
∑

j=mi

ρ
j
i = (1 − ρi)

ρmi

i

1 − ρi

= ρmi

i

and replaced to match (3):

Ω(i) =

{

(1 − ρi)ρ
ri

i for ri 6= mi,

ρmi

i for ri = mi.

2

Example 5
We want to check the CSL formula S⊲⊳p((s1 ≥ 2) ∧ (s2 ≥ 3)). Recall from
Example 3 that all states r ∈ R((2, 3)) = {(0, 3), (1, 3), (2, 0), (2, 1), (2, 3)} satisfy
ap1 = (s1 ≥ 2) ∧ (s2 ≥ 3) and the boundary states do not satisfy ap1. Using
(2) and (3) and accumulating the probabilities for all representative states r ∈
R((2, 3)) we obtain

s |= S⊲⊳p((s1 ≥ 2) ∧ (s2 ≥ 3)) ⇔
(

(1 − ρ1)ρ
3
2 + (1 − ρ1)ρ1ρ

3
2 + ρ2

1(1 − ρ2) + ρ2
1(1 − ρ2)ρ2 + ρ2

1ρ
3
2

)

⊲⊳ p.
(6)

5.3 Time-bounded next operator

The time-bounded next operator for LJQNs is computed just as for QBDs [15].
Recall that a state s satisfies P⊲⊳p(X

[t1,t2]Φ) if the one-step probability to reach
a state that fulfills Φ within a time t ∈ [t1, t2], outgoing from s meets the bound
p. The possibly infinite summation over all Φ-states can be truncated by only
considering those Φ-states that can be reached in one step from s. We define the
set of states that is reachable in one step from state s as Bs = {s′ ∈ S|G(s, s′) >
0}. Note that Bs is always finite. We then have:

s |= P⊲⊳p(X
[t1,t2]Φ) ⇔ Pr{σ ∈ Path(s) | σ |= X [t1,t2]Φ} ⊲⊳ p

⇔







(

eG(s,s)·t1 − eG(s,s)·t2
)

·
∑

s′∈Sat(Φ)∩Bs
s 6=s′

G(s, s′)

−G(s, s)






⊲⊳ p,

(7)

where eG(s,s)·t1 −eG(s,s)·t2 is the probability of residing in s for a time t ∈ [t1, t2],

and G(s,s′)
−G(s,s) specifies the probability to step from state s to state s′, provided a

step takes place.



Now, let the inner formula Φ be independent as of m. Hence, the validity of
Φ might be different for all states s ∈ Sb. Therefore, the representative states
r ∈ R(m) may satisfy P⊲⊳p(X

[t1,t2]Φ), whereas the remaining states s ∈ Sr do
not necessarily satisfy P⊲⊳p(X

[t1,t2]Φ), since Sb is reachable in one step. How-
ever, from m + 1 (with 1 = (1, 1, . . . , 1, 1)) onwards, with one step only states
with equivalent Φ validity can be reached. Thus, in case the inner formula Φ is
independent as of m, P⊲⊳p(X

[t1,t2]Φ) is independent as of m + 1. For the con-
struction of the satisfaction set of such a formula we have to compute explicitly
the satisfying states in Sb. Sat

R(m+1)(P⊲⊳p(X
[t1,t2]Φ)) then provides the validity

of P⊲⊳p(X
[t1,t2]Φ) for the remaining infinite state space S \ Sb.

5.4 Until operator for I = [0, t]

For model checking P⊲⊳p(Φ UIΨ) we adopt the general approach for finite CTMCs
[3] and QBDs [15]. Recall that the CSL path formula ϕ = Φ UIΨ is valid if a
Ψ -state is reached on a path during the time interval [t1, t2] via only Φ-states.
We restrict ourselves to intervals of the form I = [0, t]. The future behavior of
the LJQN is then irrelevant for the validity of ϕ, as soon as a Ψ -state is reached.
Thus all Ψ -states can be made absorbing without affecting the satisfaction set
of formula ϕ. On the other hand, as soon as a (¬Φ∧¬Ψ)-state is reached, ϕ will
be invalid, regardless of the future evolution.

As a result of the above consideration, we may switch from checking the
LJQN J to checking a new, derived, LJQN, denoted as J [Ψ ][¬Φ∧¬Ψ ] = J [¬Φ∨
Ψ ], where all states in the underlying Markov chain that satisfy the formula in
square brackets are made absorbing. The generator function G̃(s, s′) for J [¬Φ∨
Ψ ] is then defined as

G̃(s, s′) =

{

G(s, s′), s 2 ¬Φ ∨ Ψ,

0, otherwise,
(8)

for s 6= s′. G̃(s, s) is adapted accordingly. Model checking a formula involv-
ing the until operator then reduces to calculating the transient probabilities
πJ [¬Φ∨Ψ ](s, s′, t) for all Ψ -states s′. Exploiting the structure of LJQNs yields

s |= P⊲⊳p(Φ U [0,t]Ψ) ⇔ ProbJ (s, Φ U [0,t]Ψ) ⊲⊳ p

⇔





∑

s′∈SatSb(Ψ)

πJ [¬Φ∨Ψ ](s, s′, t) +

∞
∑

i=0

∑

s′∈SatR(m+i)(Ψ)

πJ [¬Φ∨Ψ ](s, s′, t)



 ⊲⊳ p.

(9)

The transient probabilities are accumulated for the Ψ states in Sb and for
the Ψ states in the representative front R(m + i) for i ∈ N. Note that these
representative fronts are situated in layers around Sb and cover the infinite state
space S \ Sb for i ∈ N.

In [15] we have shown how transient probabilities can be computed for QBDs
using uniformization [9] by considering only a finite fraction of the infinite state



space. As standard property of uniformization, the finite time bound t is trans-
formed to a finite number of steps l [9]. To do the same for LJQNs, first the
probability function P(s, s′) (or for P̃) for the embedded DTMC is defined as

P(s, s′) = G(s,s′)
ν

for s 6= s′ and P(s, s) = G(s,s)
ν

+ 1. The uniformization con-
stant ν must be at least equal to the maximum of the negative rates G(s, s); for
LJQNs, the value ν = λ +

∑n
i=1 µi suffices. For an allowed maximal numerical

error ε, uniformization requires a finite number l of steps (state changes) to be
taken into account in order to compute the transient probabilities; l can be com-
puted a priori, given ε, ν and t. Summarizing, we have obtained the following
result:

If ¬Φ ∨ Ψ is independent as of m then using uniformization with l steps, we
obtain the same transient probabilities for states s ∈ Sr, with r ∈ R(m+l), since
from all states s ∈ Sr, only corresponding states can be reached when taking l
steps in the LJQN.

q
u
e
u
e

2

queue 1

m + l

m

Example 6
The figure to the left shows the finite fraction of the
infinite state space that is needed to compute the
validity of P⊲⊳p(Φ UIΨ). Starting from every repre-
sentative state r ∈ R(m + l), still l steps can be
undertaken in every direction without reaching the
boundary set Sb. The total amount of states we have
to consider equals (m1 + l) · (m2 + l), from which
m1 + m2 + 2l − 1 are representative states.

For all states s ∈ S, we add the computed transient probabilities to reach any
Ψ -state and check whether the accumulated probability meets the bound p. We
define the accumulated probability for up to l steps in the uniformized Markov
chain as:

π̃(l) =
∑

s′∈SatSb(Ψ)

πJ [¬Φ∨Ψ ](s, s′, t) +

l−1
∑

i=0

∑

s′∈SatR(m+i)(Ψ)

πJ [¬Φ∨Ψ ](s, s′, t) (10)

Note that the above expression, for l → ∞, equals the exact probability that
is to be compared with p in (9). Once the accumulated probabilities are calcu-
lated, similar inequalities as presented in [15], can be used to decide the validity
of P⊲⊳p(Φ UIΨ) on LJQNs. The accumulated probability is always an underesti-
mation of the actual probability. The value of the maximum error ε accumulated
for all states and depending on the number of steps l decreases as l increases.
Thus, we obtain the following implications:

(a) π̃(l)(s, Sat(Ψ), t) > p⇒ π(s, Sat(Ψ), t) > p

(b) π̃(l)(s, Sat(Ψ), t) < p− ε⇒ π(s, Sat(Ψ), t) < p



If one of these inequalities (a) or (b) holds, we can decide that the bound <

p or > p is met. For the bounds ≤ p and ≥ p, similar implications can be
given. If π̃(s, Sat(Ψ), t) ∈ [p, p − ε], we cannot decide whether π(s, Sat(Ψ), t)
meets the bound p. In this case, increasing l resolves the problem. However, note
that in case p = π(s, Sat(ψ), t) we cannot decide and iteration does not stop.
As already mentioned, for all representative states r ∈ R(m + l) the transient
probabilities for all s ∈ Sr computed with l steps will be the same. Thus, if we can
decide whether the bound p is met (case (a) or (b) above), we can be sure that
P⊲⊳p(Φ U [0,t]Ψ) is independent as of m+l. In that case, we check for all states s ≤
m+ l whether the accumulated transient probability of reaching a Ψ -state meets
the bound p. The states s ∈ Sb that satisfy P⊲⊳p(Φ U [0,t]Ψ) form the boundary

satisfaction set Sat
Sb and the representative states that satisfy P⊲⊳p(Φ U [0,t]Ψ)

form the representative satisfaction set Sat
R(m+l)(P⊲⊳p(Φ U [0,t]Ψ)).

For model checking the until operator we need to consider
∏n

i=1(mi + 2l)
states in total, depending on the number of steps l considered, the dimension
n of the LJQN, and the independence vector m of the inner formula. Hence,
∏n

i=1(mi + 1) −
∏n

i=1mi representative states suffice to represent the infinite
states space S \ Sb.

In [16] we presented a method to efficiently compute the transient probabil-
ities in QBDs and check the until operator with a so-called dynamic stopping
criterion. This method can also be applied to LJQNs. When iteratively comput-
ing the approximation π̃(l)(s, Sat(Ψ), t) and regularly checking whether either
(a) or (b) holds for all starting states, the number of considered steps with
uniformization is minimized. It is expected that such an approach will lead to
similar efficiency improvements.

6 Conclusions

In this paper we presented model checking algorithms for checking CSL prop-
erties for a very general class of queueing networks, namely for labeled Jackson
queueing networks. The underlying state space of such LJQNs is a highly struc-
tured CTMC that is, of infinite size in as many dimensions as there are queues.
We introduce a new notion of property independence on LJQNs that is needed
for model checking. Steady-state probabilities are computed in (stable) LJQNs
with well-known product-form results and transient probabilities are computed
with an adaption of our uniformization-based approach. We provided a running
example throughout the paper to illustrate our approach.

Note that the model checking procedure for LJQN as introduced in this
paper, and the model checking procedure for QBDs [15], in their simplest setting,
i.e., the case that the model is a simple M|M|1 queue (which is both a QBD and
a LJQN), are in essence the same.

At various points, the presented algorithms can be made more efficient. For
instance, applying a dynamic stopping criterion (as in [16]) when model checking
the until operator in LJQNs might considerably decrease the number of states



that has to be taken into account. To do so, we need to develop efficient data
structures to store the step-wise computed probabilities.

The complexity for checking the steady-state operator is linear in the number
of queues and the complexity for checking the until operator is given by matrix
vector multiplications of matrices that are exponential in the number of queues.

We restricted ourselves to atomic propositions of the form
∧n

i=1(si
<
≥
mi) for

mi ∈ N; this facilitates the determination of the independence vector m. For
model checking other properties like the balance of queues or a general threshold,
the notion of property independence needs to be (and can be) generalized.

Finally, we developed the model checking algorithm for the until operator
with time-bound in [0, t], however, other time intervals can be handled similarly
as for finite state CTMCs or QBDs [3, 17]. In further work, we will introduce re-
wards to allow for CSRL model checking. Furthermore, we also consider address-
ing networks of QBDs. However, to the best of our knowledge, there is no method
available to compute steady-state probabilities on such multi-dimensional QBDs,
hence, we will have to do without the steady-state operator.
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