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Abstract—We consider multicast network codes that allow to
tradeoff throughput against cost. We construct a single code that
enables the source to control the throughput, always achieving
the minimum possible cost per transmitted symbol. Nodes in the
network perform linear coding operations that are the same for
all achievable throughput—cost pairs. On each of their outgoing
edges nodes transmit either symbols that are obtained by these
fixed linear combinations or nothing at all.

I. INTRODUCTION

There is a natural tension between maximizing throughput
and minimizing cost. Consider e.g. the multicasting problem in
the butterfly network depicted in Figure 1, with unit capacity
edges and for each edge a cost one if it is used to transmit
a symbol. Figure 2 shows the canonical network code that
achieves the maximum possible throughput of 2, at a cost of
4% per symbol. Figure 3, on the other hand, shows a solution
achieving a cost 4 per symbol at a reduced throughput of 1.

It is well known that for multicasting on networks repre-
sented by directed graphs, network coding is beneficial for
the throughput [1]. Also, network coding with a cost criterion
has been considered [2]. Existing work, however, has focussed
either on maximizing throughput or minimizing cost.

In this paper we show that a single network code can be used
to tradeoff throughput against cost, i.e. that it can be used to
operate at any achievable throughput—cost pair, subsequently
referred to as an operating point. More precisely, we construct
a code for which the source and intermediate nodes perform
linear coding operations that do not have to be changed if a
different operating point is used. The only difference between
operating points is in which edges of the network are used. We
refer to this type of code as a multi-rate network code. Our
interest is in multi-rate codes that operate at the minimum
possible cost for each of the values of the throughput that are
achievable.

In [3] a network code is constructed, that, like our multi-rate
code, allows to operate at different rates, while preserving local
coding vectors. Cost is, however, not taken into consideration
in this work. The code that is constructed uses all edges of
the network, making it unsuitable for minimum-cost operation.
Also, we consider a fixed set of receivers, whereas in [3] the
set of receivers at a specific rate are those nodes in the network
with a sufficiently large min-cut.
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Fig. 1. Butterfly network with source S, receivers R; and Ro and edges
a,b, ..., i of cost one.
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Fig. 3. Multicast of one symbol
x, i.e. at throughput 1, at a cost per
symbol of 4/1 = 4.

Fig. 2. Multicast of two symbols
z and y, i.e. at throughput 2, at a
cost per symbol of 9/2 = 4%.

The problem of constructing a network code for multiple
operating points is, however, closely related to the problem
of constructing a network code that is robust against a set of
edge failure patterns, a problem considered e.g. in [4] and [5].
The similarity to our work is that a single code needs to be
constructed that is valid on different subgraphs. The difference
is that in [4], [5] the supported rate on all subgraphs is the
same, whereas we vary the rate.



Fig. 4. Line graph of the network from Figure 1, annotated with global coding
vectors v(e), e € £, and local coding coefficients c(e, f), (e, f) € L.

In Section II we introduce our network model and some
notation. Section III briefly discusses some issues related to
network coding for minimum cost. In Section IV we provide a
construction for a minimum-cost multi-rate network code and
show that it can be applied on all networks. In Section V we
mention some interesting points for future research.

II. MODEL AND DEFINITIONS

Our interest is in networks represented by directed acyclic
graphs G(V, £), i.e. with vertex set V and edge set &, in which
there is one source S € V that is supposed to multicast its
information to a set of receivers R C V. There is a non-
negative cost associated with each edge. Throughout this paper
we will assume that all edges have unit capacity. However,
our results are also valid for networks with edges of arbitrary
capacity. We assume that there is no delay on the edges and
that information flows through the acyclic network in zero
time.

For vertex V € V, let 67 (V) and 6= (V) be the sets of
edges whose head respectively tail is V. Similarly for edge
e € &, let 67 (e) be the set of edges whose head is equal to
e’s tail, and 0~ (e) those whose tail is e’s head. Let G(&, £)
be the line graph of G(V, &), i.e.

L={(e.f)lec& fed(e)}. (1)

Let F, be the field of operation and x,, € Fg, n =1,...,N
the information symbols to be sent, collected in a row vector
X = [21,...,2y]. We call N the dimension of the code. Let
v(e) € IF(]JV be the global coding vector of edge e € &, i.e. the
inner product (v(e),x) is transmitted over edge e. Associate
with all (e, f) € £ a local coding coefficient c(e, f) € F,.
The coding operation performed for an edge f € £ is given
by

Z c(e, f)v(e). (2)

ecdt(f)

This is illustrated in Figure 4. Note that a network code will, in
general, not utilize all edges of the network. In that case, only

Fig. 5.
ure 1 with a cost assignment on
the edges such that the minimum-
cost network coding solution has
throughput 2.

The network from Fig- Fig. 6. The network from Figure 1

with different costs on the edges.
The thick edges depict a minimum
cost solution at throughput 1.

a subset of the edges carries symbols and the above definitions
apply to the corresponding subgraph.

Throughput is defined as the number of information symbols
that are successfully decoded by all receivers. Cost per symbol
is defined as the sum of the costs of all edges carrying a
symbol divided by the throughput.

III. NETWORK CODING AT MINIMUM COST

For minimum-cost routing it is sufficient to use only a single
path to each receiver, i.e. in a network with unit capacity
edges there always exists a solution with throughput one
achieving minimum cost over all possible rates. If network
coding is allowed this is no longer true. Consider for example
the network from Figure 1, but with costs on the edges as
depicted in Figure S. It is easy to verify that each solution at
throughput 1 has cost at least 6, whereas the canonical network
code at throughput 2 has cost 5% per symbol. In fact, in this
network there is no tradeoff between throughput and cost. This
example also demonstrates that for networks represented by
directed graphs network coding can achieve lower cost per
symbol than routing only.

The above might suggest that the construction of a
minimum-cost network code is more complex than finding a
minimum-cost routing solution, but a minimum-cost network
code can be found in polynomial time [2]. The minimum-cost
multicast routing problem on the other hand corresponds to
the Steiner tree problem, which is NP-complete.

The difference between the construction of an arbitrary
network code and one that needs to operate at minimum cost is
in the selection of the edges that are used by the code. For an
arbitrary code one can select, independently for each receiver,
any set of disjoint paths that meet the throughput requirements.
If we consider the network in Figure 6 at throughput 1,
we see that this is no longer the case for a minimum-cost
network code. The edges that need to be used by the code



can, however, be found in polynomial time by means of linear
programming [2]. After the appropriate edges have been found,
standard algorithms can be used to construct the minimum-cost
network code, e.g. the algorithm presented in [5].

In the remaining part of this paper we will assume that for
each operating point under consideration a minimum-cost set
of edges satisfying the throughput requirements is given. Note
that these different sets of edges correspond to the different
subgraphs that need to be considered when constructing a
robust network code [4], [5]. The main difference is that in
our case, the supported rate on each subgraph is different.

IV. MULTI-RATE NETWORK CODING

In this section we will construct a network code for which
the source is able to control the throughput. We refer to this
type of code as a multi-rate network code.

Let hi,ho,...,hg, hy > hy > --- > hg be the desired
throughputs for operating points 1,..., K respectively. As
stated in Section III we assume that for each operating point a
set of minimum-cost edges is given. Let £, C £ be the edges
for operating point £ = 1,..., K, with £; C L accordingly.
Also, let EX = Ui, & and LK = U, Ly

A. Encoding and decoding

The dimension of the code, i.e. the number of symbols in
x, needs to be high enough to support throughput h;, the
maximum throughput among the operating points. For the
other operating points, not all information symbols in x will
have to be used. In fact, since we operate at minimum cost,
the number of coded symbols observed by a receiver will be
too low to decode all information symbols.

We will construct a code in which, for each operating point,
the source and receivers agree on which information symbols
in x will be used to transmit actual information. We assume
that at rate hy the first hy symbols are used. The remaining
symbols are fixed at zero by the source.

The receivers will observe a number of coded symbols
for which the coding vectors span a subspace of IFéV . If the
dimension of this subspace is smaller than NV, the observed
symbols and their coding vectors by themselves are not
sufficient to successfully decode, i.e. to solve the system of
linear equation represented by the coding vectors. Knowledge
about which information symbols are not used and fixed at
zero makes decoding possible, however. The receiver can
immediately eliminate the corresponding variables from the
system and consider a reduced system of linear equations.

B. Code construction

Our code is defined in terms of global coding vectors v*(s),
s € (67(S)N&) and local coding coefficients c*(e, f),
(e,f) € L. A node V € V in the network is provided
with ¢*(e, f), for all e, f € EX for which e € §7(V) and
fed (V). Also, forallecd (V) andall k=1,..., K,V
needs to know if e € &j,.

We assume that all nodes in the network have knowledge of
the operating point chosen by the source. Justification comes

from practical considerations. Implementations of network
coding that have been suggested, e.g. in [6], transmit in the
header of a packet, a coding vector that is used by all symbols
in the payload of the packet. We also include a description of
the operating point in the header. The overhead in terms of
throughput and cost of this is small.

At operating point £, an internal node V' € V upon receiving
coded symbols, for each outgoing edge f € §~ (V), transmits a
symbol coded according to (2) if f € & and does not transmit
anything on f otherwise. The receivers consider the (reduced)
system of linear equation of dimension hj as described in
Section IV-A and successfully decode.

C. Existence of a valid code

With each of the operating points obtained by the multi-rate
code presented above we can associate a traditional network
code, consisting of the coding vectors used at that operating
point. For k = 1,..., K this code, for (e, f) € £, has local
coding coefficients

c*(e, f), if (e, f) € Lk
ale.fy =10 (e /) € L 3)
0, otherwise.
The global coding vectors transmitted by the source are
v*(s), if se(6~(S)NE&
wi(s) =V CEInas )
0, otherwise,

for s € (£f'N67(S)). The remaining coding vectors are
defined accordingly, following (2). Finally, the source utilizes
the first hj information symbols.

We need to find v*(e) and c¢*(e, f) for which all K codes
defined according to (3) and (4) are valid, i.e. the vectors vi(e)
allow all receivers to decode the first iy, information symbols
assuming the remaining symbols are kept zero.

Theorem 1. If F, is sufficiently large, there exist valid v*(s)
and c*(e, f), s € (67 (S)NEL), (e, f) € L.

Proof: Following the algebraic framework [4], introduce
for all (e, f) € £ an unknown over F,, i.e. let
cle, f) = aeyp, Ve, f)e€LE. (3)
Also introduce unknowns for the coding vectors transmitted
by the source, i.e. let
N
] n=1"

v(s)=1[...0en-.

All coding vectors in the network can be expressed in these
unknowns. Since the network is acyclic, each entry of each
coding vector is a bounded degree polynomial in these un-
knowns.

We construct matrices Alf:z’ Re R, k=1,...,K that
represent the system of linear equations that needs to be
solved by receiver R at operating point k. First, let A’f% be the
concatenation of all v(e) for which e € £ is observed by

Vs e (67 (S)NEF).  (6)



R and used at operating point k, i.e if we label the respective
edges as {e1,ea,...,ep, } =0T (R) N E,

AR=1| .| (M

V(ehk)

Since at operating point &, the source only uses the first hy
information symbols, a receiver can eliminate the remaining
symbols from the system by considering only the first Ay
columns of A% Let these be given by the hj X hj matrix
Ak

Also, since we need to consider the codes defined by (3)
and (4), for all entries in A% put a.; = 0, Y(e, f) & L
and B,, = 0, Vs € (67 (S)N(EF\&)),n = 1,...,N.
Denote the new matrix by A%. Now, the codes defined by (3)
and (4) are valid if all A%, ReR, k=1,...,K are full
rank matrices.

In G(V, &) the source has, by assumption, min-cut hy, to
each receiver. There exists therefore a routing solution, that
routes information symbols 1,..., h; over edges in & to
receiver R. This routing solution corresponds to values of the
unknowns o s, (e, f) € LI and B, s € (67(5)NEK),
n = 1,..., N, that make the matrix A’f{ full rank. The
determinant of A% is, therefore, a non-zero polynomial in
these unknowns. Moreover, since the degree of each entry is
bounded, the degree of the determinant is bounded. Hence, it
has only a finite number of zeros.

Now consider the polynomial that is the product of the
determinants of all A%. It has again a finite number of
zeros. If the field I, is sufficiently large, there exist therefore
values for ae s, (e, f) € LI and Bsn, s € (67(S)NEN),
n=1,..., N, for which this product polynomial evaluates to
a non-zero value. Therefore, for these values of the unknowns
all individual determinants also evaluate to non-zero and all
A% have full rank. |

D. Example

We construct a minimum-cost multi-rate code for the butter-
fly network given in Figure 1 for the operating points depicted
in Figures 2 and 3. We have K =2, hy =2, ho = 1, & = {a,
b, ¢, d,e, [, g, h, i}, L1 ={(a,c), (a,¢€), (b,d), (b,9). (¢, f),
(d, f). (f,h), (f, 1)}, & ={a. b, e, g}, Lo = {(a,e). (b,g)}.

One can verify that the canonical network code depicted
in Figure 2 does not allow receiver Rs to decode at operating
point 2. There exists, however, the following solution over Fs.
Take c*(e, f) = 1, ¥(e, f) € £2, and

via) =1[1 0], v')=[1 1]. 3)
For operating point 1, the global coding vectors for the other
nodes in the network are depicted in Figure 7. At operating
point 2 the coding vectors for edges not in & are zero, the
others are unaffected.

[01] [01]

Fig. 7. Line graph of the network of Figure 1 with global and local coding
vectors for a multi-rate code for the operating points depicted in Figures 2
and 3.

At operating point 1, receivers I?; and Ry obtain the system
of linear equations represented by the matrices

vie)|] (1 0 vig)] |1 1
{v(h)] - {0 1} and [v(i) o1 @
respectively. Since these are full rank matrices both receivers

can decode.
At operating point 2 receiver Ro obtains only

gl =1 1],

which corresponds to an underdetermined system, but since the
source only uses the first information symbol the receiver can
eliminate the second symbol and succesfully decode. Receiver

R, obtains
[v(e)] =[1 0]

and can directly decode.

(10)

(1)

V. DISCUSSION

We have shown that network coding can be used to tradeoff
throughput against cost. In the code that we construct, nodes
need only one set of coding vectors. Based on the operating
point, nodes either perform a linear coding operation that is
the same for all operating points or do not transmit anything
on specified edges.

The idea to use one network code to tradeoff throughput
against cost, holds many interesting questions for future re-
search. The example from Section IV-D shows that the canon-
ical network code on the butterfly network can not be used as
the basis for a multi-rate code. There does, however, exist a
multi-rate code over the field F5, which is the smallest field
required for any code of throughput 2. It will be interesting
to see if there always exists a multi-rate code over a field not
larger than would be required by any of the operating points
individually.



From the proof of Theorem 1 it follows that a multi-
rate code can be constructed by considering an appropriate
algebraic structure. This, however, requires knowledge of the
complete structure of the network. One could also try to find
decentralized ways to construct a multi-rate code, using e.g.
ideas presented in [7].
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