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Abstract

A rigorousclassicalanalyticmodelof con ned optical wave propagatioralong2-D bentslabwaveguides
and curved dielectric interfacesis investigatedbasedon a piecavise frequeny domainansatzfor bend
modepro les in termsof Besseland Hankel functions. This approachprovidesa clear picture of the be-
haviour of bendmodes concerningheir decayfor largeradialargumentsor effectsof varyingbendradius.
Fastand accurateroutinesare requiredto evaluateBesselfunctionswith large complex ordersand large
arguments. Our implementatiorenableddetailedstudiesof bentwaveguide properties,ncluding higher
oderbendmodesandwhisperinggallerymodestheirinterferenceatternsandissueselatedto bendmode
normalizationandorthogonalityproperties.

1 Intr oduction

Bentdielectricwaveguidesplay animportantrole in photonicintegratedcircuits. Accurateevaluationof mode
pro les, phasepropagatiorconstantsandof optical lossesassociateavith the leaky wave propagatioris the

centraltaskfor theoreticalmodelingof the curved structures.The presentwork on this — ratherold — topic

is motivatedby the recentinterestin circularopticalmicroresonatodevicesasbuilding blocksfor large-scale
integratedoptics[1, 2]. Duringour participationin arelatedEuropearproject[3], we experiencedhatcertain
notionsaboutthe propertief bendmodesdeseredclari cation. Thisconcerng.g.thebehaiour of themode
pro les for large radial coordinatespro le integrability, modeorthogonality or a clearpictureof propagation
andinterferenceof the bendmodeif

A soundmodalanalysisof bentslabsbecomegarticularlyrelevantif the modepro les areto beemplgredas
basis elds for a descriptionof integratedoptical microresonatorsvith circular, ring- or disk-shapedavities.
In aframework of coupledmodetheory[4, 5, 6], anasfar aspossibleanalyticrepresentatioof the basic eld
pro les on aradially unboundeddomainmustbe regardedas highly advantageous.This is provided by the
approacHollowedin this paper Preliminarypromisingstudiesarecontainedn [[4,18,[9]; furtherdetailswill be
publishecelsavhere(seee.g.[1(] for stepstowardsa 3D generalization).

Initial modelsof optical bentwaveguidescanbe foundin [11, 12]. Sincethen,variousdifferenttechniques
wereappliedto thetask.By conformalmapping13,[14], the bentwaveguideproblemcanbetransformednto
equationdor a (leaky) straightwaveguide. In [[15] conformalmappingwith perfectlymatchedayer (PML)
boundaryconditionsis usedto analyzebentwaveguides. In a perturbationabpproacH[1€] the cunatureis
treatedas a perturbationof a straightwaveguide, and the bent waveguide modesare expressedn termsof
straightwaveguide elds. Othertechniquesf a moreanalyticalcharactere.g. WKB approximationg[17], a
transfermatrix approacH[1g]), or of a numericalnature(e.g.beampropagatiorl19], the methodof lines[20],
nite difference]2]] or nite elementdiscretization$l22]) areappliedaswell.

The pure analyticapproachfor modelingof optical bentslab waveguidesis quite well known [[23, 24, 25,
thoughapparentlyhardlyeverevaluatedigorously Whentrying to do so,amajorobstaclés encountereth the

!Partly thesenotionsoriginatefrom the useof aray picturefor the descriptionof bentwaveguides,or from approximatenodelsin
termsof “equivalent” leaky straightwaveguidepro les. We will avoid theseviewpointsin the presenpaper



form of the necessityto computeBesselfunctionsof large complex orderandlarge agument;we experienced
thatefcient facilities for thesefunction evaluationsare not provided by the standarchumericallibraries. To
overcomethathindrancemostauthorsresortedo approximation®f the problem,suchthatreliableresultsfor
bentslabwaveguides,e.g.for the purposeof abendmodesolver benchmarkstill seento berare.

Using the uniform asymptoticexpansionsof Besselfunctionsas provided in Ref. [I2€], we found that with
presentstandardcomputerst is not a problemto carry out the rigorousanalytic evaluationof the problem.
Sectiordintroducegthebendmodeansatzandoutlinestheanalyticstepstowardsa solution.Remarkson bend
modenormalizationandon orthogonalitypropertiesof bendmodesareaddedn Section€ZdandZZ Section
@ summarizesheresultsof theanalyticmodelfor a seriesof bendcon gurations,includingacomparisorwith
benchmarkesultswhereavailable.

The presentliscussioris concernedvith afrequeng domainmodelwherethe (realvalued)frequeng or vac-
uum wavelengthis regardedas a given parameterand whereoneis interestedn solutionsof the Maxwell
equationgfor wave propagatioralongangularsegmentsof the curved structuresthat are characterizedy a
comple valuedpropagatiorconstant. Alternatively, one canconsidertime-domainresonancethat are sup-
portedby full circularcavities. In thatviewpointthe eld solutionsareparameterizetdy anintegerazimuthal
index; the frequeng takestherole of a complex valuedeigewalue. Any dif culties with the complex order
Besselfunctionsare avoided in that way, and the valuesfor frequenciesand propagationconstantscan be
largely translatedbetweenthe two viewpoints[[274]. However, the eld solutionsobtainedin the latter way
arenot directly usefulfor applicationswhereoneis interestedn piecesof bentwaveguidesonly. Also for a
microresonatomodelthat combinesmodal solutionsfor bentand straightwaveguidesby meansof coupled
modetheoryintegrals,the x ed-frequeng bendmodepro les asdiscussedh this paperarerequired.

2 Bentwaveguidemodel

Considera bentslabwaveguidewith the y-axis asthe axis of symmetryasshawvn in Fig.[[l We assumehat
the materialpropertiesandthe elds do notvary in they-direction. Beingspeci ed by theradially dependent
refractive index n(r) (heren is piecavise constant)the waveguide canbe seenasa structurethatis homoge-
neousalongthe angularcoordinate . HenceonechoosesnansatZor the bendmodeswith pureexponential
dependencentheazimuthalangle wheretheangularmodenumberis commonlywrittenasaproduct R with
areasonablyle ned bendradiusR, suchthat canbeinterpretedasa propagatiorconstantln thecylindrical
coordinatesystem(r;y; ), thefunctionalform (in theusualcomple notation)of the propagatinglectric eld
E andthemagneticeld H reads

E(r i) = (BE:E)M et R = (o ynédtt R, (1)

wherethe symbolindicatesthe modepro le, is the propagatiorconstanof the bendmode,and! is the
angularfrequenyg correspondingo vacuumwavelength . Sinceanelectromagneticeld propagatinghrough
a bentwaveguidelosesenegy dueto radiation, is compl valued,denotedas = i ,where and
aretherealvaluedphasepropagatiorandattenuatiorconstants.

-
nx nx nc Figure1: A bentslab waveguide. The core of thick-
0 N ™ X nessd is embeddecbetweenan interior medium (“sub-

strate”) with refractize index ng and an exterior medium

R (“cladding”) with refractive index n.. The distancebe-
// tweenthe origin andthe outerrim of the bendde nes the
bendradiusR.

Note thatthe angularbehaiour of the eld () is determinedby the product R, wherethede nition of R is
entirely arbitrary Givenabendmode,the valuesassignedo the propagatiorconstant changejf the same
physicalsolutionis describedby usingdifferentde nitions of the bendradiusR. We will adda few more



commentson this issuein Sectiond The de nition of the bendradiusR asthe radial positionof the outer
interfaceof the corelayeris still applicablein casethe guidingis effectedby a singledielectricinterfaceonly,
i.e. for the descriptionof whisperinggallery modes(seeSection3.5). Hence,for this paperwe stick to the
de nition of R asintroducedn Fig.[l

If theansatA() is insertednto the Maxwell equationspneobtainsthetwo separateetsof equations

R @E . 1@# i R .

—E, = IH,: —Y= igHA;: 2=+ —H, = ig!FE 2
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and

R._. _ . oAy . o 1@E i R_ _. )

TH’y—o!Er, —@—IO!E, F—Q+TEr—|o!l-Ty, (3)

with vacuumpermittivity o, vacuumpermeability o, andtherelative permittvity = n2.

For transerseelectric(TE) wavesthe only nonzerocomponentare Ey, H, andH , which areexpressedn
termsof Ey, while for transersemagnetic(TM) wavesthe only nonzerocomponentsare Hy, E; andE ,
whicharegivenby Hy. Within radialintenalswith constantefractive index n, the basicelectricandmagnetic
componentaregovernedby a Bessekequationwith comple order R,

@ 1 @ 22 2R2

—+ = —+ (n°k =0 4

o’ e ) )
for = Eyor = Hy,wherek = 2 = isthe(given,real)vacuumwavenumberFor TE modestheinterface
conditionsrequirecontinuity of Ey andof @Ey acrosghedielectricinterfaces.For TM modes continuity of
Hy andof 1@H, acrosgheinterfacesis required.

Eq. @), togethemwith theinterfaceconditionsandsuitableboundaryconditionsforr ' Oandr ! 1 , repre-
sentsaneigevalue problemwith the bendmodepro les  aseigenfunctionsandthe propagatiorconstants
orangulamodenumbers = R aseigewalues.Theequations solvedpieceavisein theregionswith constant
refractive index. While the procedurds in principle applicablefor arbitrary multilayer bentwaveguides,for
the sale of brevity we discussherethethreelayercon gurationasintroducedn Fig. [l

The generalsolutionof Eq. @) is a linear combinationof the Besselfunctionsof the rst kind J andof the
secondkind Y. This representatiofis applicableto the coreregion. SinceY tendsto 1 if r ! 0, for the
boundednessf the electric/magneticeld atthe origin oneselectsonly the Besseffunction of the rst kind J
for theinteriorregion. In theouterregion, we arelooking for acomplex superpositiomf JandY thatrepresents
outgoingwaves. Sucha solutioncanbe givenin termsof the Hanlel functionsof the rst kind H® or of the
seconckind H® . Usingthe asymptoticexpansionsf thesefunctions|iZg, chap.9, Eq.(9.2.3),Eq.(9.2.4)]

r r

) 2 j(nkr =2 =), 4O 2 i(nkr =2 =),

H® (nkr) me( ): H® (nkr) e ( ). (5)
andtakinginto accountthe harmonictime dependencexp(i! t) (with positive frequeng), oneobseresthat
H® representincomingwaves, while outgoingwavesaregivenby H@ . Thusthe piecavise ansatzor the
basiccomponent®f the electric/magnetibentmodepro le is

5 AsJd (ngkr); if0 r R ;
(r)= AfJ(nikr)+ BsY (nfkr); if R r RY; (6)
ACH(Z)(anr); forr R™*;

whereR = R d, R" = R, andwhereAs, A;, Bf andA. aresofar unknavn constants.

The polarizationdependeninterfaceconditionsleadto a homogeneousystemof linearequationdor A g, At ,
B: andA.. Theconditionfor anontrivial solutioncanbe giventheform

J (nikR ) Jo(nfkR ) J (nfkR™) Jo(nf kR*)

m W _ H(Z)(anR+) H(Z)O(anR+) @
Y (kR ) Y'(n¢kR ) Y (nekR*) Y°(n kR*)

J (nskR ) F (nskR ) H® (nckR*) H(2)°(anR+)
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with g = n¢=n; for TE polarization,andwith g = n;=n¢ for TM polarized elds, forj = s;c. Eq.(d) is
the dispersiorequationfor the threelayer bentslabwaveguide. For givenfrequeng ! , this equationis to be
solved for thepropagatiorconstants = =R.

For thenumericalimplementationEq. ([J) is rearrangeés
Tl T2 = T3 T4; (8)

where

T. = J (kR )T (nskR ) ad (nskR ) (nikR );
T, = Y (n kR )H@ (NkRY)  geH® (nckR* )Y (N kR™):
Ts = Y (kR )T (NskR ) asd (NskR )Y (n¢ kR ):
To = 3 (M kRT)HD (nckR*)  qH® (nckR*) T (n kR¥):

In contrastto commonnotionsaboutleaky modes,the elds obtainedby the Snsatz(lﬂ) do not diverge for
large radial coordinater. The asymptoticexpansion(®) predictsadecay 1= r. No dif culties relatedto
‘large’ termsareto be expectedfor the numericalevaluationof Eq. ([§). Moreover, asshavn belaw, with the
squarednodepro le beingaccompaniedby afactorr ! in the relevant expressionthe bendmodescaneven
benormalizedwith respecto the azimuthalmodepower.

2.1 Bendmodenormalization

The powver o w densityassociatedvith a bendmodeis given by the time averagedPoynting vectorS,, =
%< (E H ). Theaxial componenS,,,, vanishedn the 2-D setting;for TE wavestheradialandazimuthal
componentgvaluateto

m #

1 @ 2R R...> 2R
= < E. y . = iE 2 .
Savir PN ol | y—@ e ' Sav: BN ol rJ y]"€ , 9

andfor TM polarizationoneobtains
n #
1 R._. .
< 7, %y ¢ 2R ; Sav: = —Tijjze 2R . (10)

ST Mg 20!

R
The total optical power transportedby the modein the angulardirectionis givenby P ( ) = 01 Say; dr.
Somaeavhat surprisingly this expressioncan be considerablysimpli ed by using the following formula [I28,
Sectionl1.2,Eq.5],

Z
C (0D (k)% = ¥ fC (0D w(kn) C (k0D (kg PN

(11)

whereC , D areary cylindrical functions(i.e. functionswhich arelinearcombinationofJ andY , orofJ
andY , respectiely). Observinghatfor avalid modepro le thepiecesof theansat4[) satisfythepolarization
dependentontinuity conditionsat the dielectric interfaces,applicationof Eq. (1) and of several standard
identitiesfor Besselfunctionsleadsto exact cancellationof the boundarytermsthat arisein the piecavise
integration,with the exceptionof thelimit termforr ! 1 . In thatregimethemodepro le is representetyy
theasymptotidorm (@) of therelevantHankel functions,suchthatonearrivesat the two expressions

D

o A 2
P():ZJO%R( 2) (1E), P()=%6R( 2) (), (12)

2In analternatie approachwhereonelooks at time domainresonancesf circular cavities, a similar procedureasoutlined here
[5,21] leadsto preciselythe sameequation(cf. theremarksin theintroduction).In thatcaseEq. [@) is to be solvedfor comples valued
resonancérequencies , for givenintegerazimuthalmodenumbers .



for the modalpower of TE andTM polarizedmodes respectiely. All modepro les shavn in Sectiond are
power normalizedwith respecto theseexpressiongevaluatedat = 0).

Alternatively, Egs.(I2) canbederivedin away quiteanalogouso whatfollowsin SectiorflZZ Uponintegrating
thevanishingdivergenceof thePoyntingvectorr (E H + E  H) = 0foramodalsolution(E; H) over
adifferentialangularsegmentin the domainof polarcoordinatesby meansof Gauss'theoremonerelatesthe
angulardecayof modalpower to the out ow of opticalpower in theradialdirection. Thelimit of that o w for

largeradialcoordinategxistsandcanbe evaluatedoy againusingtheasymptotidorm (&) of themodepro le,

leadingto expressiong12) for themodalpower.

By consideringthe abore expressiondor large bendradii, one might wonderwhetherthesemay leadto a
schemdor the normalizationof nonguidedmodalsolutionsassociateavith straightwaveguidese.g. asgiven
in [29 in termsof planewave superpositions Examinationof Eq. (I2) with the help of Eq. (Z9), however
shavsthattheexpressionI2) for themodalpoweris notapplicablen thelimit R ! 1 . Hencein thisrespect,
thereis no directcorrespondenceetweerthe presenbendmodessupportedoy structureswith low cunature
andradiative modesof similar straightwaveguides.

2.2 Orthogonality of bend modes

If thebendmodepro les areemplo/edasbasiselementdor anexpansionof agenerabptical eld in thebend
structure the orthogonalitypropertiesof thesemodesbecomerelevant: Projectingon the basismodesallows
to relatethemodalamplitudego thegivenarbitrary eld. As aconsequencef theleaky natureof thecomplex
bendmodesthe orthogonalityrelationsinvolve nonconjugateersionsof the eld pro les B

Let (Ep; Hp) and(Eq; Hq) betheelectromagneticelds () of bendmodeswith propagatiorconstants , and
q- respectrely, thataresupportedy the samebentwaveguide. We startwith theidentity

r (Ep Hqg Eq Hp =0 (13)
whichis a straightforvard consequencef the Maxwell equations.

Considerthe integral of Eq. (I3 over anangularsegment = [0; [ ; + ] in thewaveguideplane,
speci edby intenals of the polarcoordinates:
Z

r -AdsS=0, with A= (A;Ay;A)=Ep Hq Egq Hy: (14)

After simpli cation of Eq. (I4) by meansof the Gaussheoremanda Taylor seriesexpansionaround , for
small,nonzero  oneobtains
Z [nd
i(p+ oR A (r; )dr = FA(F ): (15)
0
In orderto evaluatethelimit ! 1 of theright handside,r A, is expressedn termsof thebasicmodepro le
component&y, andHy, with thehelpof Egs. (@, B):

[
Ar= —T (Epy@Eqy Eqy@Epy) + r(Hpy@Hqy Hay@Hpy): (16)

0 c!
Here . = n2 is the permittivity in the exterior region of the bend(constanfor large radii). In this region, the
basiccomponents , = Epy or p = Hpy of modalsolutions(@) aregiven by Hanlkel functionsof second
kindi.e. p(r) = Acp H(?R(nckr),which,for large radial coordinateassumehe asymptotidorms

r

o(1)  Acp ﬁe i(nckr pR =2 =4); @ o(r) % inck  p(r): (17)

By usingtheseexpressionsthelimitsr | 1 of theindividual partsof Eq. (I6) canbeshavn to vanish

rl!ilm [r( p@ q @ pl=0 (18)

3An approximateorthogonalityrelationinvolving complex conjugatef oneof the modepro les is derivedin Ref. [0, valid in
thelimit of largebendradius(i.e. for almoststraightwaveguides).



This leadsto theidentity
Zl
(p*t 9 , a (Ep Hq Egq Hpdr=0; (29)

wherea is theunit vectorin theazimuthal( -) direction.

After inspectingegs. (@ ), onereadilyseeghatthe elds (Ep; H ) andthe propagatiorconstant , with

p=  pEpr = EpriEpy = EpyiEp = Ep iHpr = HppiHpy = HpyiHp = Hp o (20)
describea valid modalsolutionof thebendproblem.By writing out the expression([L9) for the quantitieswith
indicesp andq, by applyingthe transformation20), andby observingthata (E, Hq Eq Hp) =
a (Ep Hgq+ Egq Hp), Eq.(IY canbegiventheform

Z,
(p o , @ (Ep Hg+Eq Hp)dr=0 (21)

Motivatedby the result(@1), we de ne thefollowing symmetric,comple valuedprodudﬂ of two (integrable)
electromagneticelds (E1;H 1) and(E2; H ), givenin thepolarcoordinatesystemof the bendstructure:

Zl
(E1i;H1;EgHp) = a (Ep H2+Ez Hi)dr
z,°
= El;rHZ;y El;yH2;r+E2;rH1;y E2;yH1;r)dr: (22)
0

Obviously, theintegrandvanishesf elds of different(2-D) polarizationsareinserted,.e. TE andTM bend
modesareorthogonalwith respecto [Z2). Oneeasilychecksthatthe productis alsozero, if theforwardand
backward versions(two elds with their componentselatedby the transformation(2Z0)) of a bendmodeare
inserted.Finally, accordingto Eq. (1), two nondgeneratdbendmodeswith propagatiorconstants , 6 g
that are supporteddy the samebendstructureare orthogonalwith respecto the product(Zd). Theseformal
statementboldfor pairsof the elds (@) with thefull spaceandtime dependencdor theexpressiongxcluding
thetime dependenceswell asfor pairsof puremodepro les thatdependon theradialcoordinateonly.

Assumingthatfor a given bendcon guration a discrete indexed setof nondgeneratenodal elds (Ep; Hp)
with (pairwisedifferent) propagatiorconstants p, is consideredthe orthogonalitypropertiescanbe statedin
themorecompactform
z 1 z 1
(EpiHpiEqiHg) = pgNp; WithNp =2 a (Ep Hp)dr=2  (EpyHpy EpyHpr)dr; (23)
0 0

and pq= Oforp6 g, pp = 1. For modesetsof uniform polarizationanduniform directionof propagation,
it canbecorvenientto write theorthogonalitypropertiesn termsof thebasicmodepro le components = Ef,’
(TE)or = HJ (TM). Thisleadsto therelations
Z, Z, 2
—pr ddr = pgPp; with Pp = Tpdr; (24)
0 0

= 1for TE,and = 1= (r) for TM polarization,which differ from the correspondindgamiliar expressions
for straightdielectricslabwaveguidesby the appearancef theinverseradial coordinater only. Accordingto
Eq. (@D, P, is obviously bounded Note, however, thathereN , andP, arecomple valuedquantities.

An alternatve deriationof Eq. (Z9) startswith the eigewvalueequation(d), written outfor two differentmodal
solutions.Eachequationis multiplied by the othermodepro le, onesubtractdhe results,andintegratesover
the radial axis. This leadsto an equationwith the differenceof the squaredpropagatiorconstantdimesthe
integral of Eq. (Z4) on oneside,andwith alimit asin Eq. ([I8) on the other Thenthe reasoningf Eqgs. ({4,
I8 canbeappliedto obtainthe desiredresult. All setsof bendmodepro les shavn in the following sections
satisfytherelations(@Z3) or ([Z4), respectiely, up to theaccuray thatcanbe expectedfrom the computational
procedures.

4Cft. the standardvariantsof orthogonalityrelationsfor straightdielectricwaveguidesmadeof attenuatingmaterials asintroduced
e.g.in Ref. 25



3 Examples

Thesolutionof Eq. [4) requiregheevaluationof BesseandHankel functionsof complex order wheretypically

valuesof = Rinintenals<( ) 2 [10%;10*7and=( )2 [ 10 1; 10 '?] andagumentskr upto 10°

areencounteredTherelevant Besselfunctionsarewell behaed for the above valuesof orderandargument;
in particular no termswith numericallyharmful growth appear We found that subroutinegor complex order
Besselffunctionsarenotincludedin standarchumericallibraries,thereforewe hadto resortto own implemen-
tations.Theproceduregarebasedn “uniform asymptoticexpansionsof Bessefunctionsandtheir derivatives
in termsof Airy functions[2€], [31]. More speci cally, Eqs.9.3.35,9.3.36,9.3.43,9.3.44from Ref. [26] were
encodedrestrictedo the rst two termsof the summationswhich we obseredto besufcient for the present
examples.Routinesfor Airy functionswith comple argumentsaccordingto Ref. [[32] wereadopted.Further
detailscanbefoundin Refs.[33], [34].

The expansionsare not applicablein a regime wherethe orderis closeto the agumentof the cylindrical
functions.Fortunatelywe areinterestecherein con gurationsthatinvolve complex orders( R) with negative
imaginaryparts( ), andrealagumentgnkr). While casesvith approximateequalityof orderandargument
couldin principle occurfor bendmodeswith extremelylow loss,for the evaluationof propagatiorconstants
andthe pro le plots of the examplesbelow this transitionregion appearechot to be relevant. Otherwise,
supplementaryoutines(seee.g.[|31]) would have to beincorporatedhatcover thatregion of parameters.

Two techniquesvereimplementedo nd theroots of Eq. ([@) in the complex plane. As a heuristicsearch
procedurea suitably selectedegion of the comple planeis divided into a numberof rectanglesthe lower
left andupperright cornerpointsof which arethensuppliedasinitial guesseso a root nding routinebased
onthe secanimethod. Repeatedootsarerejected the remaininguniquerootsare sortedin descendingrder
of theirimaginarypart . By re ning the subdvision into rectanglesit canbe ascertaineavith reasonable
robustnesghatall therootsin the givenregion arecaptured.

Alternatively, a root tracking procedureis implementedo solve the dispersionequation. Startingwith the
propagatiorconstantsof straightwaveguideswith a refractive index pro le crosssectionequalto that of the
given bentwaveguide, a seriesof bendswith decreasingadiusare consideredwith the rootsfound for each
con guration usedasinitial guessesor the subsequentne. In this way, the bendpropagatiorconstantsare
followedin the comple plane.

Modesof differentordersareindexedby countingthelocalminimain theabsolutesalueof theprincipalelectric
(TE) or magnetio( TM) componenbf themodepro le.

3.1 Propagationconstants

For purpose®f validatingour implementatiorwe startwith a comparisorof phasepropagatiorconstantand
attenuatiorevels. Tabledll and? list valuesfor angularmodenumbersobtainedwith the presentmodesolver
for two bendcon gurationsadoptedrom Ref. [[25], togethemwith referencedatafrom thatsource.We found
an excellentoverall agreementfor both the con gurationswith higher (Table[l]) andlower refractive index
contrasiTable).

R[ m] = RO Ref.[29 = R, present
505 4:0189 107 7:9990 10 2 | 4:0189 10° 7:9973 10 2
1005 | 8:0278 107 (i 1:2856 10 2) | 8:0278 10* i9:6032 10 4
1505 | 1:2039 10° i7:3948 10 © | 1:2039 10® i7:3914 10 ©
2005 | 1:6051 10° i4:9106 10 8 | 1:6051 10° 4:8976 10 8

Tablel: TEy angulantmodenumbers for bentwaveguidesof differentbendradiusR accordingto Fig. [, with
(ns;n¢;ne) = (1:6;1:7;1:6),d = 1 m, for avacuumwavelength = 1:3 m. Secondcolumn: Resultsfrom
Ref. [25].

The discussiorof bentwaveguidesin Ref. [25] appliesan alternatve de nition of the bendradiusR° asthe
distancdrom theorigin to thecenterof thecorelayer, whichis relatedo theradiusR asintroducedn Fig.dl by
RO= R d=2 (hencetheunusuakaluesof bendradiiin Tabledl], ). Bothde nitions aremeantasdescriptions

7



R[ m] = RO Ref.[25 = R, present

2005 | 3:1364 10° i6:2059 10 ! | 3:1364 10° i6:2135 10 1
4005 | 6:2700 10° i4:9106 10 2 | 6:2700 10° i4:9159 10 2
6005 | 9:4041 10° 25635 10 2 | 9:4041 10° i2:5636 10 3
8005 | 1:2538 10* 11174 10 4| 1:2538 10* i1:1177 10 4
10005 | 1:5673 10* i4:4804 10 ¢ | 1.5673 10* i7:1806 10 °

Table2: TEy angularmodenumbers for low contrastbendsaccordingto Fig.[d, with differentbendradiusR
andparameterfns; ns ;ne) = (3:22,3:261063:22),d = 1 m, foravacuunwavelength = 1:3 m. Second
column: Resultsfrom Ref. [[25].

of the samephysicalcon guration, i.e. bothleadto the sameangular eld dependencdl), givenin termsof
theazimuthalmodenumbers asdeterminedy thedispersiorequation(d). Viatherelaton = R = R
thedifferentchoicesof thebendradiusresultin differentvalues and °= R=(R d=2) for thepropagation
constantandconsequentlyn differentvalues , %and , 9for thephaseandattenuatiorconstants.

Still, for mary applicationsoneis interestedn the variationof the phaseconstanandthe attenuatiorwith the

cunatureof the bend,expressedy the bendradius. Fig. & shavs correspondingplots for the con guration

of Tablefll, including valuesfor the two differentbendradiusde nitions. While on the scaleof the gure the

differencesare not visible for the attenuationconstantsthe levels of the phasepropagationconstantdiffer

indeedsubstantiallyfor smallerbendradii. As expectedfor low cunaturethe valuesof both =k and %k

tendto the effective indicesof straightslabwaveguideswith equivalentrefractive index pro le. Forthepresent
low contrastcon guration, only minor differencedbetweenTE andTM polarizationoccur

1.74 1.74 0
TE, ™, ol
1.7 1.7
b' b' g 4+
.............. 8
X 166 T ¥ 166 s - 6|
L - [=2)
’ b /” b S gl
1.62; / 1.62; /
h -10 ¢
1.58; 1.58;/ 12 .
0 50 100 150 200 250 0 50 100 150 200 250 0 50 100 150 200 250
R [mm] R [mm] R [mm]

Figure2: Phaseonstants , 0 andattenuatiorconstants , °versusthe bendradiusR, for bendsaccording
to Tablell. The dashedquantities °= R=R%and °= R =R° correspondo a descriptionof the bendin

termsof an alternatve bendradiusR° = R d=2. Thedottedlinesin the rst two plots indicatethe levels
of the effective indicesof a straightwaveguide with the crosssectionandrefractive index pro le of the bent
slabs.

Certainlyno physicalreasoninghouldrely ontheentirelyarbitraryde nition of thebendradius.Thisconcerns
e.g.statementsboutthe grownth or decayof phasepropagatiorconstantsvith R (accordingto Fig. 2 the sign

of the slopecanindeeddiffer), or discussionsaboutthe “phasematching” of bentwaveguidesand straight
channelsn coupleror microresonatocon gurations. Caremustbetakenthatvaluesfor and or effective

guantitiedike =k areusedwith the properde nition of R takeninto account.

With the presentanalytic(or semi-analytickolutionsat hand,we have now a possibilityto validate“classical”
expressiondor the variationof the bendattenuatiorwith the bendradius. Beyondthe high cunatureregion,
Fig.@shavs a strictexponentialdecayof ~with respecto R, aspredictedby anapproximatdossformulafor
symmetricbentslabsgivenin [35, Eq.9.6-24]:

R w g’ h? Q20w o 2( stanh (g=
= e s g=s) 9(R W): 25
R 2.0+ oW (7 ndk? (29)

Here g is the propagationconstantcorrespondingo the straightwaveguide with the width d = 2w and
refractive index pro le (ns;n;;ns) of the bentwaveguide underinvestigation. Derived quantitiesare g> =

2 n2k?andh? = (n? n2k? ¢° Fig.Brevealsavery goodagreementith the attenuatiorconstants
calculatedby our proceduresor bendswith low cunature.
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Figure 3: Attenuationconstantof the principal TE and TM modesfor symmetricbent waveguideswith
nf = L7, ng=n.=16,d=1 m, = 1.3 m, forvaryingbendradiusR. The dashedines shav the
exponentialdecayaccordingto Eq. (23); the solid curvesarethe presentinalyticmodesoler results.

3.2 Modeproles

Beyondthe valuesof the propagatiorconstantsthe presentanalyticalmodesolver permitsto evaluatemodal
elds for thefull rangeof radial coordinates Fig. B illustratesnormalizedpro les for a few fundamentallE
bendmodesof the con gurationsconsideredn Table[ll
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Figure 4: TEy mode pro les for bendsaccordingto the setting of Table 1, with different bend radii
R = 200,50,10 m. Firstrow: radial dependencef the absolutevalue (solid line), the real- andimagi-
nary part(dashecanddash-dottedines), andthe phaseof the basicelectric eld componenEy. Thepro les
arenormalizedaccordingto Eq. (12), with theglobal phaseadjustedsuchthatEy (R) is realandpositive. Sec-
ondrow: snapshot®f the propagatingbendmodesaccordingto Eq. (1). The gray scalescorrespondo the
levelsof thereal, physical eld E.

Oneobseresthe expectedeffects[35, 25]: Bendswith large radii R supportmodeswith almostthe familiar
symmetric,well con ned planepro les of straightsymmetricslabwaveguides. With decreasindpendradius,
the phasepro les of the bendmodesbecomemoreandmorecurved. Along with the increasingattenuation,
the maximumin the absolutevalue of the basicelectric eld shiftstowardsthe outerrim of thebend,andthe
relative eld levelsin the exterior region grov. The modepro les are essentiallycomples, with oscillatory
beha&iour of thereal-andimaginarypartsof the eld pro les in the exterior region. The effectsof “bending”
andthelossynatureof the bendmodesareillustratedbestby the snapshotsf the physical elds in the second
row of Fig. 4.

Justasfor straightwaveguides the con nementof the bendmodesdependsritically upontherefractive index
contrast. As exempli ed by Fig. 5, one obseres quite similar effectswhenthe corerefractve index of the
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Figure5: FundamentalE (left) and TM modepro les (right) for symmetricbentslabswith R = 50 m,
= 155 md= 1 m,ng = ne = 1.45, anddifferentcorerefractice indices. As ns is changedrom 1.5

to 1:55 to 1:64, the effective propagatiorconstants =k changefrom 1:4580 i 9:2077 10 3 to 1:4893

i 1:1624 10 3 t01:5598 i2:1364 10 ’ (TEy), andfrom1:4573 i 1:0088 10 2 to1:4862 i 1:6013 10 3

to1:5504 i9:4104 10 7 (TMy), respectiely.

bendis varied,asfound for the changein bendradius: With loosenedcon nementandgrowving attenuation
for decreasingn; , the modepro le maximumshifts towardsthe outerrim, andthe relatve eld levelsin the
exteriorregionincreaseNotethatall (normalizable)nodepro les decayfor largeradialcoordinatesccording
to Egs.(6) and(17), despitetheirappearanc Figs. 4 and5 (Seetheinsetsin Figs. 4, 7, 9).

3.3 Comparisonwith FDTD results

As anattemptfor afurthervalidationof our resultson bendmodeswve have consideredhefollowing numerical
experiment.Embeddedn acommonbackgroundthe coreof astraightslabwaveguideis placedin thevicinity
of aring shapedcoreof the samewidth. If a guidedwave is launchednto the straightchannel by evanescent
couplingit excitesopticalwavesthattravel aroundthering. If, for givenpolarization the bentring waveguide
supportonly asinglelow-lossbendmode,onecanexpectthata eld with thecorrespondingro le establishes
itself aftera suitablepropagatiordistance The experiments carriedoutin thetime domain,with aramped-up,
subsequentltime-harmoniaexcitation,thatis advancedover alimited timeintenal, suchthatresonanceffects
canbeexcluded.Allowing the “wave front” to propagatencearoundthering, aradial eld crosssectione.g.
atanangulamositionof 90 afterthein-couplingregion canbeexpectedo give anapproximatiorto thebend
modepro le. By observingthe exponentialdecayof the “stationary” eld for anangularsggmentafter that
region, onecanestimateheattenuatiorof thebendmode.

We have applieda standard-inite DifferenceTime Domain(FDTD) schemd 36], [37], whereacomputational
window of 80 58 m? is discretizeduniformly by ameshwith stepsizesof 0:05 m. Perfectlymatchedayer
(PML) boundaryconditionsenclosethe computationatiomain,with awidth of 8 points,a quadraticenvelope,
anda strengthsuchthat the theoreticalre ectivity of a wave propagatinghroughthe backgroundmaterialat
normalincidences 10 ©. Theinterior of thecomputationaWwindow containghering with parameterasgiven
for Fig. 6 andthe straightwaveguidewith thesamerefractive index pro le, with agapof 0:5 min betweenA
modal eld is launchednto thestraightcoreusingthetotal eld /scatteredeld approacHh 38]. Its amplitudeis
raisedaccordingto a half-Gaussiamurve with awaistof 5fs, with the maximumbeingreachedat 40fs. After
thistime, theincident eld amplitudeis keptconstant.Thesimulationrunsfor atime of 1:1 pswith atime step
of 0:1fs, afterwhich therampof the wave hasgonearoundthering approximatelyonce.

Fig. 6 shavs anexcellentagreemendf the approximatiorfor the bendmodepro le obtainedn this way with
theresultof theanalyticalbendmodesolver. We alsofoundavery goodagreementf the attenuatiorconstant

= 0:01949 m ! estimatedby the FDTD simulationwith the analyticresult = 0:01978 m 1. Hence
comparison®f this kind cancon rm the expectationthatthe bendmodesasintroducedn Eq. (1) areindeed
suitablebasis elds for a (2-D) descriptionof cylindrical microresonatocon gurations.
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3.4 Higher order bend modes

For cylindrical cavities with relatively high radial refractive index contrastalsohigherorderbendmodescan
berelevantfor anadequateepresentationf resonanteld patterng39], [40], [41]. Table3 summarizesesults
for propagatiorconstant®f fundamentabnd rst ordermodesof both polarizationsfor a nonsymmetricslab
with decreasingpendradius.In astraightcon guration,therefractive index pro le supportswo guidedmodes
perpolarizationorientation.

TEg TE; TMo TM,
R[ m | =Kk =Kk =k =Kk =Kk =k =k =k
1 1.6775 1:6164 1:6758 1:6134
150 1:6663 0 1:6037 | 1:2117 10 7 | 1:6645 0 1:6004 | 3:5259 10 ’
100 1:6611 | 1:0984 10 *? | 1:5979 | 1:7606 10 ° | 1:6593 | 1:8446 10 *? | 1:5946 | 3:4692 10 °
50 1:6473| 9:6704 10 7 | 1:5818| 1:5113 10 3 | 1:6451 | 1:2668 10 ® | 1:5791| 2:0368 10 3
20 1:6185| 1:8299 10 3 1:5283 | 1:4205 10 2 | 1:6156 | 2:1391 10 3 1:5273| 1:7868 10 2
10 1:5890 | 1:6025 10 ? 1:4381 | 3:4287 10 2 | 1:5855 | 1:8702 10 2 1:4391 | 4:6089 10 ?
Table3: Propagatioronstants = i of fundamentaand rst ordermodesfor bendswith (ns; ns ;n¢) =

(1:6;1:7;1:55),d = 2 m, = 1.55 m, for differentbendradii R. ThevalueR = 1 indicatesthe corre-
sponding(bimodal)straightwaveguide.

Justasfor the fundamentalelds, the attenuatiorof the rst ordermodesgrows with decreasindpendradius.
Fig. 7 shawvs thatthe signi cantly higherlosslevels of the rst ordermodesareaccompaniedy larger eld
amplitudesn the exterior region andby a wider radial extentof the modepro les.
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5 J I 5 j L
01 0 0 J
15 R=100 nm| 10 R=50 nm 4 R=20mm |
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l£> 5 4 2
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Figure7: Fundamentaénd rst orderTE modesfor the bendsof Table 3, absolutevaluesof the basicpro le
componenE, of structuresvith radiiR = 100 50, and20 m.

Fig. 8 illustratesthe spatialevolution of the TEg and TE; modesfor a smallcon gurationwith R = 20 m.

Major differencedetweerthe plotsfor the singlefundamentabnd rst order elds arethefasterdecayof the
TE; modeandthe minimumin theradialdistribution of that eld. Thelastcolumnof Fig. 8 givesanexample
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for aninterferencepatternthatis generatedy a superpositiorof both modes.Normalizedpro les with unit

amplitudesandreal, positve Ey(R) areinitializedat = 0, orz = 0, respectiely (cf. Fig. 1). In thecore
region oneobsenresthe familiar beatingprocessherein the angulardirection,with intensitymaximashifting

periodically betweenthe centerandthe outerrim of thering. In the exterior region, the modeinterference
resultsin a ray-like pattern whererapidly diverging bundlesof wavespropagaten directionstangentiako the

ring, originatingfrom regionsaroundthe intensitymaximaat the outerring interface. Thesephenomenare
obscuredy thefastdecayof the rst ordermode.

40

30 20 10 0 10 20 30 30 20 10 0 10 20 30 30 20 10 0 10 20 30
z [mm] z [mm] z [mm]
Figure8: Spatialevolution andinterferenceof the fundamentablnd rst order TE modes,for a con guration
of Table3 with R = 20 m. The propagatiorof the TEy mode (left), of the TE; mode(center),and of a
superpositiorof these(right) is evaluated. The plots shav the absolutevaluejE | (top) andsnapshotef the
time harmonicphysical eld E, (bottom).

Apartfrom thefundamentaand rst order elds, furtherhigherordermodescanbefoundfor the bentslabsof
Table3. While the TEg andTE; modesconsideredofar canbe viewed asbeingrelatedto the guidedmodes
supportedoy a straightslabwith the samerefractive index pro le andthicknessthe pro les shavn in Fig. 9
arenotrelatedto guidedmodesof thatstraightwaveguide. The classi cationby the numberof minimain the
absolutevalue of the modepro le canstill be applied;alsothe systematicof larger attenuationrand higher
exterior eld levelsfor groving modeorderremainsvalid.
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Figure9: HigherorderTE modesfor a bendasconsideredor Table3 with R = 100 m. Thecorresponding
propagatiorconstants =k are1:5347 i2:8974 10 3 (TE), 1:5094 i5:7969 10 3 (TEz), and1:4891

i 6:1955 10 3 (TEy), respectiely. Theinsetsclearlyshav the decayof themodepro les forr | 1 afteran
initial growth of the eld in the cover region.

In contrasto thetwo lowestorder elds, thesehigherordermodesexhibit pronouncedntensitymaximain the
interior region. Apparently for the presentnonsymmetridoend,this indicatesthe transitionto the regime of
whisperinggallerymodeswhichis discussedbelown.
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3.5 Whispering gallery modes

In contrastto the caseof straightcon gurations,localizedoptical wavescanpropagatealonga single curved
dielectricinterface. The model of Section2 coversthosecon gurationswith the formal choiceng = ns

in Fig. 1, whered becomesrrelevant. A correspondingansatzfor the modepro le analogougo (6) with
merelytwo piecedeadsto a dispersiorequationthatis considerablysimplerthanEg. (7). Table4 andFig. 10
summarizeesultsfor propagatiorconstantandpro les of thesewhisperinggallerymodes.

=k, present =k, Ref.[42] ] ] )
TE, | 1:3106 111294 10 ® | 1.310 11:133 10 5 | lable4: Propagatiorconstants for thewhispering

TE; | 1:1348 i1:8862 10 3 | 1:134 i1:888 10 3 | gallerymodesof acurveddielectricinterfacewith the
TE, | 0:9902 i1:1676 10 ? parameters; = 1.5 n. = 1.0,R = 40 m, and
TE; | 0:8558 i1:8832 10 2 = 1:0 m. Third column: Resultsrom Ref.[42].

For this examplewe adopteda setof parameterfrom Ref.[42)], thatspeci esahigh-contrastunedinterface
with arathersmallradius,i.e. a parameteregime thatdiffers considerablyfrom the previous bentslabs. Still,

for groving modeorder qualitatvely one nds theincreaseof the attenuationthe outwardsshift of the outer

mostpro le intensitymaxima,theraiseof the exterior eld levels,andthe wider radial extentof the pro les,

justasfor the modesof the bentcoresin Figs. 7 and9. In contrastto the impressiorgivene.g.in Refs.[39],
[4]], the complex modepro les exhibit minimain the absolutevalue of the principal eld componentnot
nodalpoints.
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W 10 s i
5
0 0 01
0 2 4 4 2 0 2 4 4 2 0 4
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Figure10: Pro les (top) andphysical eld evolution (bottom)of the threelowestorderwhisperinggallery
modesaccordingto the speci cationof Table4.

Despitethe substantiallifferencesn the attenuatiorlevels of thesemodes,the higherorder elds may well

play arole for the representatiof resonancesf the correspondinglisc-shapednicroresonatocavity, due
to the rathershort circumference. Thereforewe concludethis paperwith two examplesof interferenceof

whisperinggallery modesin Fig. 11. As for the bendslabsin Fig. 8 oneobseresaninterior beatingpattern
andray-like bundlesof wavesin the exterior, hereon muchshorterrangesn termsof thelocal wavelength.

4 Concluding remarks

In this paperwe have reconsidered classicalrigorousanalytic modelfor 2-D optical bentslabwaveguides

andcurwed dielectricinterfaceswith piecavise constantefractve index pro les. A frequeng domainansatz
in termsof comple orderBesselandHankel functionsleadsto an eigewvalue equation(transerseresonance
condition)thatis to be solvedfor the comple valuedangularmodenumber

Accordingto theasymptoticexpansionf therelevantHanlkel functions,themodalsolutionsdecayaccording
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Figurell: Interferencepatternsof the modesof Fig. 10 and Table4; the plots shav the absolutevaluejE
(left) andsnapshotef the time harmonicphysical eld E (right). Superposition®f the two (top) andthree
(bottom) lowestorder elds are consideredijnitialized with unit amplitudesof the normalizedpro les (with
positive Ey(R)) atz = 0.

to 1=p r for growing radialcoordinates, i.e. speci ¢ productsof the pro le componentsreintegrablealong
theradial axis. For purpose®f bendmodenormalizationwe could derive quite compactexpressiongor the
angularmodal power. A complex valued productof two general elds in the polar coordinatesystemhas
beende ned, whichis suitableto expressorthogonalitypropertiesof nondgeneratedirectional,andpolarized
modalsolutionsof the bentwaveguideproblem.

A seriesof detailed(benchmark-examplescomplementshe formerabstracreasoningConcerningpropaga-
tion constantstheseemphasizehe arbitrarinessn the de nition of the bendradius. Exampledor pro les of
bendmodesandfor the spatialevolution of therelatedphysical elds aregiven,for fundamentahndhigheror-
dermodesof bentslabswith relatively smallrefractive index contrastaswell asfor whisperinggallerymodes
supportedy high-contrasturvedinterfaces.A few illustrative exampledor interferencesf bendmodeshave
beenshawn, thatexhibit a periodicangularbeatingpattern(apartfrom the modedecay)in the guidingregions
of thebendsandtangentialray-like bundlesof outgoingwavesin the exterior regions.

With the presentesults,a soundanalyticalbasisfor (2-D) coupled-mode-theomnodelingof resonatodevices
involving microringsor microdisksas cavities hasbeenestablished We expectthat mary of the notionsof
this paperaredirectly transferableo the caseof 3-D con gurationsinvolving bentchannelswith 2-D cross
sections.
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