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Abstract

A rigorousclassicalanalyticmodelof con�ned opticalwave propagationalong2-D bentslabwaveguides
and curved dielectric interfacesis investigated,basedon a piecewise frequency domainansatzfor bend
modepro�les in termsof BesselandHankel functions. This approachprovidesa clearpictureof thebe-
haviour of bendmodes,concerningtheir decayfor largeradialargumentsor effectsof varyingbendradius.
Fastandaccurateroutinesarerequiredto evaluateBesselfunctionswith large complex ordersand large
arguments.Our implementationenableddetailedstudiesof bentwaveguideproperties,including higher
oderbendmodesandwhisperinggallerymodes,their interferencepatterns,andissuesrelatedto bendmode
normalizationandorthogonalityproperties.

1 Intr oduction

Bentdielectricwaveguidesplayanimportantrole in photonicintegratedcircuits.Accurateevaluationof mode
pro�les, phasepropagationconstants,andof optical lossesassociatedwith the leaky wave propagationis the
centraltaskfor theoreticalmodelingof thecurvedstructures.Thepresentwork on this — ratherold — topic
is motivatedby therecentinterestin circularopticalmicroresonatordevicesasbuilding blocksfor large-scale
integratedoptics[1, 2]. During our participationin a relatedEuropeanproject[3], we experiencedthatcertain
notionsaboutthepropertiesof bendmodesdeservedclari�cation. Thisconcernse.g.thebehaviour of themode
pro�les for largeradialcoordinates,pro�le integrability, modeorthogonality, or a clearpictureof propagation
andinterferenceof thebendmodes.1

A soundmodalanalysisof bentslabsbecomesparticularlyrelevant if themodepro�les areto beemployedas
basis�elds for a descriptionof integratedopticalmicroresonatorswith circular, ring- or disk-shapedcavities.
In a framework of coupledmodetheory[4, 5, 6], anasfar aspossibleanalyticrepresentationof thebasic�eld
pro�les on a radially unboundeddomainmustbe regardedashighly advantageous.This is provided by the
approachfollowedin thispaper. Preliminarypromisingstudiesarecontainedin [7, 8, 9]; furtherdetailswill be
publishedelsewhere(seee.g.[10] for stepstowardsa3D generalization).

Initial modelsof optical bentwaveguidescanbe found in [11, 12]. Sincethen,variousdifferent techniques
wereappliedto thetask.By conformalmapping[13, 14], thebentwaveguideproblemcanbetransformedinto
equationsfor a (leaky) straightwaveguide. In [15] conformalmappingwith perfectlymatchedlayer (PML)
boundaryconditionsis usedto analyzebentwaveguides. In a perturbationalapproach[16] the curvatureis
treatedas a perturbationof a straightwaveguide, and the bent waveguide modesare expressedin termsof
straightwaveguide�elds. Othertechniquesof a moreanalyticalcharacter(e.g.WKB approximations[17], a
transfermatrix approach[18]), or of a numericalnature(e.g.beampropagation[19], themethodof lines[20],
�nite difference[21] or �nite elementdiscretizations[22]) areappliedaswell.

The pureanalyticapproachfor modelingof optical bentslabwaveguidesis quite well known [23, 24, 25],
thoughapparentlyhardlyeverevaluatedrigorously. Whentrying to doso,amajorobstacleis encounteredin the

1Partly thesenotionsoriginatefrom theuseof a ray picturefor thedescriptionof bentwaveguides,or from approximatemodelsin
termsof “equivalent” leaky straightwaveguidepro�les. We will avoid theseviewpointsin thepresentpaper.
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form of thenecessityto computeBesselfunctionsof largecomplex orderandlargeargument;we experienced
thatef�cient facilities for thesefunctionevaluationsarenot providedby thestandardnumericallibraries. To
overcomethathindrance,mostauthorsresortedto approximationsof theproblem,suchthatreliableresultsfor
bentslabwaveguides,e.g.for thepurposeof abendmodesolver benchmark,still seemto berare.

Using the uniform asymptoticexpansionsof Besselfunctionsas provided in Ref. [26], we found that with
presentstandardcomputersit is not a problemto carry out the rigorousanalyticevaluationof the problem.
Section2 introducesthebendmodeansatzandoutlinestheanalyticstepstowardsasolution.Remarksonbend
modenormalizationandon orthogonalitypropertiesof bendmodesareaddedin Sections2.1and2.2. Section
3 summarizestheresultsof theanalyticmodelfor aseriesof bendcon�gurations,includingacomparisonwith
benchmarkresultswhereavailable.

Thepresentdiscussionis concernedwith a frequency domainmodelwherethe(realvalued)frequency or vac-
uum wavelengthis regardedasa given parameter, andwhereone is interestedin solutionsof the Maxwell
equationsfor wave propagationalongangularsegmentsof the curved structures,that arecharacterizedby a
complex valuedpropagationconstant.Alternatively, onecanconsidertime-domainresonancesthat aresup-
portedby full circularcavities. In thatviewpoint the�eld solutionsareparameterizedby anintegerazimuthal
index; the frequency takesthe role of a complex valuedeigenvalue. Any dif�culties with the complex order
Besselfunctionsare avoided in that way, and the valuesfor frequenciesand propagationconstantscan be
largely translatedbetweenthe two viewpoints [27]. However, the �eld solutionsobtainedin the latter way
arenot directly usefulfor applicationswhereoneis interestedin piecesof bentwaveguidesonly. Also for a
microresonatormodel that combinesmodalsolutionsfor bentandstraightwaveguidesby meansof coupled
modetheoryintegrals,the�x ed-frequency bendmodepro�les asdiscussedin thispaperarerequired.

2 Bent waveguidemodel

Considera bentslabwaveguidewith they-axisastheaxisof symmetryasshown in Fig. 1. We assumethat
thematerialpropertiesandthe�elds do not vary in they-direction.Beingspeci�edby theradially dependent
refractive index n(r ) (heren is piecewiseconstant),thewaveguidecanbeseenasa structurethat is homoge-
neousalongtheangularcoordinate� . Henceonechoosesanansatzfor thebendmodeswith pureexponential
dependenceontheazimuthalangle,wheretheangularmodenumberis commonlywrittenasaproduct
 R with
a reasonablyde�ned bendradiusR, suchthat
 canbeinterpretedasapropagationconstant.In thecylindrical
coordinatesystem(r; y; � ), thefunctionalform (in theusualcomplex notation)of thepropagatingelectric�eld
E andthemagnetic�eld H reads

E(r; � ; t) = ( ~Er ; ~Ey ; ~E � )( r ) ei (! t � 
 R� ); H (r; � ; t) = ( ~H r ; ~H y ; ~H � )( r ) ei (! t � 
 R� ) ; (1)

wherethe� symbolindicatesthemodepro�le, 
 is thepropagationconstantof thebendmode,and! is the
angularfrequency correspondingto vacuumwavelength� . Sinceanelectromagnetic�eld propagatingthrough
a bentwaveguidelosesenergy dueto radiation,
 is complex valued,denotedas
 = � � i� , where� and�
aretherealvaluedphasepropagationandattenuationconstants.
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Figure 1: A bent slab waveguide. The core of thick-
nessd is embeddedbetweenan interior medium(“sub-
strate”)with refractive index ns and an exterior medium
(“cladding”) with refractive index nc. The distancebe-
tweentheorigin andtheouterrim of thebendde�nes the
bendradiusR.

Note that theangularbehaviour of the �eld (1) is determinedby theproduct
 R, wherethede�nition of R is
entirelyarbitrary. Given a bendmode,thevaluesassignedto thepropagationconstant
 change,if thesame
physicalsolution is describedby usingdifferentde�nitions of the bendradiusR. We will adda few more
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commentson this issuein Section3. The de�nition of the bendradiusR asthe radial positionof the outer
interfaceof thecorelayeris still applicablein casetheguidingis effectedby a singledielectricinterfaceonly,
i.e. for the descriptionof whisperinggallery modes(seeSection3.5). Hence,for this paperwe stick to the
de�nition of R asintroducedin Fig. 1.

If theansatz(1) is insertedinto theMaxwell equations,oneobtainsthetwo separatesetsof equations


 R
r

~Ey = � � 0! ~H r ;
@~Ey

@r
= � i� 0! ~H � ;

1
r

@r ~H �

@r
+

i
 R
r

~H r = � i� 0�! ~Ey (2)

and


 R
r

~H y = � 0�! ~Er ;
@~H y

@r
= i� 0�! ~E � ;

1
r

@r ~E �

@r
+

i
 R
r

~Er = i� 0! ~H y ; (3)

with vacuumpermittivity � 0, vacuumpermeability� 0, andtherelative permittivity � = n2.

For transverseelectric(TE) wavestheonly nonzerocomponentsare ~Ey , ~H r and ~H � , which areexpressedin
termsof ~Ey , while for transversemagnetic(TM) waves the only nonzerocomponentsare ~H y , ~Er and ~E � ,
whicharegivenby ~H y . Within radialintervalswith constantrefractive index n, thebasicelectricandmagnetic
componentsaregovernedby aBesselequationwith complex order
 R,

@2�
@r 2 +

1
r

@�
@r

+ (n2k2 �

 2R2

r 2 )� = 0 (4)

for � = ~Ey or � = ~H y , wherek = 2� =� is the(given,real)vacuumwavenumber. For TE modes,theinterface
conditionsrequirecontinuityof ~Ey andof @r ~Ey acrossthedielectricinterfaces.For TM modes,continuityof
~H y andof � � 1@r ~H y acrosstheinterfacesis required.

Eq. (4), togetherwith theinterfaceconditionsandsuitableboundaryconditionsfor r ! 0 andr ! 1 , repre-
sentsaneigenvalueproblemwith thebendmodepro�les � aseigenfunctions,andthepropagationconstants

or angularmodenumbers� = 
 R aseigenvalues.Theequationis solvedpiecewisein theregionswith constant
refractive index. While the procedureis in principleapplicablefor arbitrarymultilayer bentwaveguides,for
thesake of brevity wediscussherethethreelayercon�gurationasintroducedin Fig. 1.

The generalsolutionof Eq. (4) is a linear combinationof the Besselfunctionsof the �rst kind J andof the
secondkind Y. This representationis applicableto thecoreregion. SinceY tendsto �1 if r ! 0, for the
boundednessof theelectric/magnetic�eld at theorigin oneselectsonly theBesselfunctionof the �rst kind J
for theinteriorregion. In theouterregion,wearelookingfor acomplex superpositionof JandY thatrepresents
outgoingwaves. Sucha solutioncanbegiven in termsof theHankel functionsof the �rst kind H (1) or of the
secondkind H(2) . Usingtheasymptoticexpansionsof thesefunctions[26, chap.9, Eq.(9.2.3),Eq. (9.2.4)]

H(1)
� (nkr ) �

r
2

� nkr
ei (nkr � � � =2 � � =4); H(2)

� (nkr ) �

r
2

� nkr
e� i (nkr � � � =2 � � =4); (5)

andtaking into accounttheharmonictime dependenceexp(i! t) (with positive frequency), oneobservesthat
H(1) representsincomingwaves,while outgoingwavesaregiven by H(2) . Thusthe piecewise ansatzfor the
basiccomponentsof theelectric/magneticbentmodepro�le is

� (r ) =

8
<

:

AsJ� (nskr ); if 0 � r � R � ;
A f J� (nf kr ) + B f Y � (nf kr ); if R� � r � R+ ;

AcH
(2)
� (nckr ); for r � R+ ;

(6)

whereR� = R � d, R+ = R, andwhereAs, A f , B f andAc aresofar unknown constants.

Thepolarizationdependentinterfaceconditionsleadto a homogeneoussystemof linearequationsfor A s, A f ,
B f andAc. Theconditionfor anontrivial solutioncanbegiventheform

J� (nf kR� )
J� (nskR� )

� qs
J

0

� (nf kR� )

J
0

� (nskR� )

Y � (nf kR� )
J� (nskR� )

� qs
Y

0

� (nf kR� )

J
0

� (nskR� )

=

J� (nf kR+ )

H(2)
� (nckR+ )

� qc
J

0

� (nf kR+ )

H(2)0

� (nckR+ )

Y � (nf kR+ )

H(2)
� (nckR+ )

� qc
Y

0

� (nf kR+ )

H(2)0

� (nckR+ )

(7)
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with qj = nf =nj for TE polarization,andwith qj = n j =nf for TM polarized�elds, for j = s; c. Eq. (7) is
thedispersionequationfor the threelayerbentslabwaveguide. For given frequency ! , this equationis to be
solved2 for thepropagationconstants
 = � =R.

For thenumericalimplementation,Eq.(7) is rearrangedas

T1 � T2 = T3 � T4; (8)

where

T1 = J� (nf kR� )J
0

� (nskR� ) � qsJ� (nskR� )J
0

� (nf kR� );

T2 = Y � (nf kR+ )H(2)
0

� (nckR+ ) � qcH(2)
� (nckR+ )Y

0

� (nf kR+ );

T3 = Y � (nf kR� )J
0

� (nskR� ) � qsJ� (nskR� )Y
0

� (nf kR� );

T4 = J� (nf kR+ )H(2)
0

� (nckR+ ) � qcH(2)
� (nckR+ )J

0

� (nf kR+ ):

In contrastto commonnotionsaboutleaky modes,the �elds obtainedby the ansatz(6) do not diverge for
large radial coordinater . The asymptoticexpansion(5) predictsa decay� 1=

p
r . No dif�culties relatedto

`large' termsareto beexpectedfor thenumericalevaluationof Eq. (8). Moreover, asshown below, with the
squaredmodepro�le beingaccompaniedby a factorr � 1 in therelevantexpression,thebendmodescaneven
benormalizedwith respectto theazimuthalmodepower.

2.1 Bendmodenormalization

The power �o w densityassociatedwith a bendmodeis given by the time averagedPoynting vectorSav =
1
2< (E � H � ). Theaxial componentSav;y vanishesin the2-D setting;for TE wavestheradialandazimuthal
componentsevaluateto

Sav;r =
� 1

2� 0!
<

"

i ~Ey
@~E �

y

@r

#

e� 2�R � ; Sav;� =
�

2� 0!
R
r

j ~Ey j2e� 2�R � ; (9)

andfor TM polarizationoneobtains

Sav;r =
1

2� 0�!
<

"

~H �
y

@~H y

@r

#

e� 2�R � ; Sav;� =
�

2� 0�!
R
r

j ~H y j2e� 2�R � : (10)

The total optical power transportedby the modein the angulardirectionis given by P� (� ) =
R1

0 Sav;� dr .
Somewhat surprisingly, this expressioncan be considerablysimpli�ed by using the following formula [ 28,
Section11.2,Eq.5],

Z
C� (kx)D � (kx)

dx
x

=
kx

� 2 � � 2 f C� (kx)D � +1 (kx) � C� +1 (kx)D � (kx)g +
C� (kx)D � (kx)

� + �
(11)

whereC� , D � areany cylindrical functions(i.e. functionswhicharelinearcombinationsof J� andY� , or of J�

andY� , respectively). Observingthatfor avalid modepro�le thepiecesof theansatz(6) satisfythepolarization
dependentcontinuity conditionsat the dielectric interfaces,applicationof Eq. (11) and of several standard
identitiesfor Besselfunctionsleadsto exact cancellationof the boundarytermsthat arisein the piecewise
integration,with theexceptionof thelimit termfor r ! 1 . In thatregimethemodepro�le is representedby
theasymptoticform (5) of therelevantHankel functions,suchthatonearrivesat thetwo expressions

P� (� ) =
jAcj2

2� 0! �R �
e�R (� � 2� ) (TE), P� (� ) =

jAcj2

2� 0n2
c! �R �

e�R (� � 2� ) (TM), (12)

2In an alternative approachwhereonelooks at time domainresonancesof circular cavities, a similar procedureasoutlinedhere
[5, 27] leadsto preciselythesameequation(cf. theremarksin theintroduction).In thatcaseEq.(7) is to besolvedfor complex valued
resonancefrequencies! , for givenintegerazimuthalmodenumbers� .
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for themodalpower of TE andTM polarizedmodes,respectively. All modepro�les shown in Section3 are
power normalizedwith respectto theseexpressions(evaluatedat � = 0).

Alternatively, Eqs.(12) canbederivedin awayquiteanalogoustowhatfollowsin Section2.2: Uponintegrating
thevanishingdivergenceof thePoyntingvectorr � (E � H � + E � � H ) = 0 for amodalsolution(E; H ) over
a differentialangularsegmentin thedomainof polarcoordinates,by meansof Gauss'theoremonerelatesthe
angulardecayof modalpower to theout�ow of opticalpower in theradialdirection.Thelimit of that�o w for
largeradialcoordinatesexistsandcanbeevaluatedby againusingtheasymptoticform (5) of themodepro�le,
leadingto expressions(12) for themodalpower.

By consideringthe above expressionsfor large bendradii, one might wonderwhetherthesemay lead to a
schemefor thenormalizationof nonguidedmodalsolutionsassociatedwith straightwaveguidese.g. asgiven
in [29] in termsof planewave superpositions.Examinationof Eq. (12) with the help of Eq. (25), however
showsthattheexpression(12) for themodalpower is notapplicablein thelimit R ! 1 . Hencein thisrespect,
thereis no directcorrespondencebetweenthepresentbendmodessupportedby structureswith low curvature
andradiative modesof similarstraightwaveguides.

2.2 Orthogonality of bendmodes

If thebendmodepro�les areemployedasbasiselementsfor anexpansionof ageneraloptical�eld in thebend
structure,theorthogonalitypropertiesof thesemodesbecomerelevant: Projectingon thebasismodesallows
to relatethemodalamplitudesto thegivenarbitrary�eld. As aconsequenceof theleaky natureof thecomplex
bendmodes,theorthogonalityrelationsinvolve nonconjugateversionsof the�eld pro�les.3

Let (Ep; H p) and(Eq; H q) betheelectromagnetic�elds (1) of bendmodeswith propagationconstants
 p and

 q, respectively, thataresupportedby thesamebentwaveguide.Westartwith theidentity

r � (Ep � H q � Eq � H p) = 0; (13)

which is astraightforwardconsequenceof theMaxwell equations.

Considerthe integral of Eq. (13) over an angularsegment
 = [0; ~r ] � [� ; � + � � ] in the waveguideplane,
speci�edby intervalsof thepolarcoordinates:

Z



r � A dS = 0; with A = (A r ; Ay ; A � ) = Ep � H q � Eq � H p: (14)

After simpli�cation of Eq. (14) by meansof the Gausstheoremanda Taylor seriesexpansionaround� , for
small,nonzero� � oneobtains

i (
 p + 
 q)R
Z ~r

0
A � (r; � ) dr = ~r A r (~r ; � ): (15)

In orderto evaluatethelimit ~r ! 1 of theright handside,r A r is expressedin termsof thebasicmodepro�le
componentsEy andH y , with thehelpof Eqs.(2, 3):

r A r =
i

� 0!
r (Ep;y@r Eq;y � Eq;y@r Ep;y) +

i
� 0� c!

r (Hp;y@r Hq;y � Hq;y@r Hp;y) : (16)

Here� c = n2
c is thepermittivity in theexterior region of thebend(constantfor largeradii). In this region, the

basiccomponents� p = ~Ep;y or � p = ~Hp;y of modalsolutions(6) aregiven by Hankel functionsof second

kind i.e. � p(r ) = Ac;p H(2)

 p R (nckr ), which, for largeradialcoordinate,assumetheasymptoticforms

� p(r ) � Ac;p

r
2

� nckr
e� i (nckr � 
 pR� =2 � � =4); @r � p(r ) �

�
�

1
2r

� in ck
�

� p(r ): (17)

By usingtheseexpressions,thelimits r ! 1 of theindividual partsof Eq.(16) canbeshown to vanish

lim
r !1

[r (� p@r � q � � q@r � p)] = 0: (18)

3An approximateorthogonalityrelationinvolving complex conjugatesof oneof themodepro�les is derived in Ref. [30], valid in
thelimit of largebendradius(i.e. for almoststraightwaveguides).
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This leadsto theidentity

(
 p + 
 q)
Z 1

0
a� � (Ep � H q � Eq � H p) dr = 0; (19)

wherea� is theunit vectorin theazimuthal(� -) direction.

After inspectingEqs.(2, 3), onereadilyseesthatthe�elds (E ~p; H ~p) andthepropagationconstant
 ~p with


 ~p = � 
 p; E ~p;r = Ep;r ; E ~p;y = Ep;y; E ~p;� = � Ep;� ; H ~p;r = � Hp;r ; H ~p;y = � Hp;y; H ~p;� = Hp;� (20)

describeavalid modalsolutionof thebendproblem.By writing out theexpression(19) for thequantitieswith
indices~p andq, by applyingthe transformation(20), andby observingthat a� � (E ~p � H q � Eq � H ~p) =
a� � (Ep � H q + Eq � H p), Eq. (19) canbegiventheform

(
 p � 
 q)
Z 1

0
a� � (Ep � H q + Eq � H p) dr = 0: (21)

Motivatedby theresult(21), we de�ne thefollowing symmetric,complex valuedproduct4 of two (integrable)
electromagnetic�elds (E1; H 1) and(E2; H 2), givenin thepolarcoordinatesystemof thebendstructure:

(E1; H 1; E2; H 2) =
Z 1

0
a� � (E1 � H 2 + E2 � H 1) dr

=
Z 1

0
(E1;r H2;y� E1;yH2;r + E2;r H1;y� E2;yH1;r ) dr: (22)

Obviously, the integrandvanishesif �elds of different(2-D) polarizationsareinserted,i.e. TE andTM bend
modesareorthogonalwith respectto (22). Oneeasilychecksthat theproductis alsozero,if theforwardand
backward versions(two �elds with their componentsrelatedby the transformation(20)) of a bendmodeare
inserted.Finally, accordingto Eq. (21), two nondegeneratebendmodeswith propagationconstants
 p 6= 
 q

that aresupportedby the samebendstructureareorthogonalwith respectto the product(22). Theseformal
statementsholdfor pairsof the�elds (1) with thefull spaceandtimedependence,for theexpressionsexcluding
thetimedependence,aswell asfor pairsof puremodepro�les thatdependon theradialcoordinateonly.

Assumingthat for a given bendcon�guration a discrete,indexed setof nondegeneratemodal�elds (E p; H p)
with (pairwisedifferent)propagationconstants
 p is considered,theorthogonalitypropertiescanbestatedin
themorecompactform

(Ep; H p; Eq; H q) = � p;qNp; with Np = 2
Z 1

0
a� � (Ep � H p) dr = 2

Z 1

0
(Ep;r Hp;y � Ep;yHp;r ) dr; (23)

and� p;q = 0 for p 6= q, � p;p = 1. For modesetsof uniformpolarizationanduniformdirectionof propagation,
it canbeconvenientto write theorthogonalitypropertiesin termsof thebasicmodepro�le components� = E 0

y
(TE) or � = H 0

y (TM). This leadsto therelations

Z 1

0
�

� p� q

r
dr = � p;qPp; with Pp =

Z 1

0
�

� 2
p

r
dr; (24)

� = 1 for TE, and� = 1=�(r ) for TM polarization,which differ from thecorrespondingfamiliar expressions
for straightdielectricslabwaveguidesby theappearanceof theinverseradialcoordinater only. Accordingto
Eq.(17), Pp is obviouslybounded.Note,however, thathereN p andPp arecomplex valuedquantities.

An alternative derivationof Eq.(24) startswith theeigenvalueequation(4), writtenout for two differentmodal
solutions.Eachequationis multiplied by theothermodepro�le, onesubtractstheresults,andintegratesover
the radial axis. This leadsto an equationwith the differenceof the squaredpropagationconstantstimesthe
integral of Eq. (24) on oneside,andwith a limit asin Eq. (16) on theother. Thenthereasoningof Eqs.(17,
18) canbeappliedto obtainthedesiredresult.All setsof bendmodepro�les shown in thefollowing sections
satisfytherelations(23) or (24), respectively, up to theaccuracy thatcanbeexpectedfrom thecomputational
procedures.

4Cf. thestandardvariantsof orthogonalityrelationsfor straightdielectricwaveguidesmadeof attenuatingmaterials,asintroduced
e.g.in Ref. [25]
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3 Examples

Thesolutionof Eq.(7) requirestheevaluationof BesselandHankel functionsof complex order, wheretypically
valuesof � = 
 R in intervals< (� ) 2 [101; 104] and= (� ) 2 [� 10� 1; � 10� 12] andargumentsnkr up to 105

areencountered.TherelevantBesselfunctionsarewell behaved for theabove valuesof orderandargument;
in particular, no termswith numericallyharmfulgrowth appear. We foundthatsubroutinesfor complex order
Besselfunctionsarenot includedin standardnumericallibraries,thereforewe hadto resortto own implemen-
tations.Theproceduresarebasedon`uniformasymptoticexpansions'of Besselfunctionsandtheirderivatives
in termsof Airy functions[26], [31]. Morespeci�cally, Eqs.9.3.35,9.3.36,9.3.43,9.3.44from Ref. [26] were
encoded,restrictedto the�rst two termsof thesummations,whichweobservedto besuf�cient for thepresent
examples.Routinesfor Airy functionswith complex argumentsaccordingto Ref. [32] wereadopted.Further
detailscanbefoundin Refs.[33], [34].

The expansionsare not applicablein a regime wherethe order is closeto the argumentof the cylindrical
functions.Fortunatelywe areinterestedherein con�gurationsthatinvolve complex orders(
 R) with negative
imaginaryparts(� � ), andrealarguments(nkr ). While caseswith approximateequalityof orderandargument
could in principleoccurfor bendmodeswith extremelylow loss,for theevaluationof propagationconstants
and the pro�le plots of the examplesbelow this transitionregion appearednot to be relevant. Otherwise,
supplementaryroutines(seee.g.[31]) wouldhave to beincorporatedthatcover thatregionof parameters.

Two techniqueswereimplementedto �nd the roots� of Eq. (7) in the complex plane. As a heuristicsearch
procedure,a suitablyselectedregion of the complex planeis divided into a numberof rectangles,the lower
left andupperright cornerpointsof which arethensuppliedasinitial guessesto a root �nding routinebased
on thesecantmethod.Repeatedrootsarerejected,theremaininguniquerootsaresortedin descendingorder
of their imaginarypart � � . By re�ning thesubdivision into rectangles,it canbeascertainedwith reasonable
robustnessthatall therootsin thegivenregion arecaptured.

Alternatively, a root tracking procedureis implementedto solve the dispersionequation. Startingwith the
propagationconstantsof straightwaveguideswith a refractive index pro�le crosssectionequalto that of the
given bentwaveguide,a seriesof bendswith decreasingradiusareconsidered,with the rootsfound for each
con�guration usedasinitial guessesfor the subsequentone. In this way, the bendpropagationconstantsare
followedin thecomplex plane.

Modesof differentordersareindexedby countingthelocalminimain theabsolutevalueof theprincipalelectric
(TE) or magnetic(TM) componentof themodepro�le.

3.1 Propagationconstants

For purposesof validatingour implementationwe startwith a comparisonof phasepropagationconstantsand
attenuationlevels. Tables1 and2 list valuesfor angularmodenumbersobtainedwith thepresentmodesolver
for two bendcon�gurationsadoptedfrom Ref. [25], togetherwith referencedatafrom thatsource.We found
an excellentoverall agreement,for both the con�gurationswith higher (Table 1) and lower refractive index
contrast(Table2).

R [ � m] � = 
 0R0, Ref. [25] � = 
 R, present
50:5 4:0189� 102 � i 7:9990� 10� 2 4:0189� 102 � i 7:9973� 10� 2

100:5 8:0278� 102 � (i 1:2856� 10� 2) 8:0278� 102 � i 9:6032� 10� 4

150:5 1:2039� 103 � i 7:3948� 10� 6 1:2039� 103 � i 7:3914� 10� 6

200:5 1:6051� 103 � i 4:9106� 10� 8 1:6051� 103 � i 4:8976� 10� 8

Table1: TE0 angularmodenumbers� for bentwaveguidesof differentbendradiusR accordingto Fig. 1, with
(ns; nf ; nc) = (1:6; 1:7; 1:6), d = 1� m, for a vacuumwavelength� = 1:3� m. Secondcolumn:Resultsfrom
Ref. [25].

The discussionof bentwaveguidesin Ref. [25] appliesan alternative de�nition of the bendradiusR0 asthe
distancefrom theorigin to thecenterof thecorelayer, whichis relatedto theradiusR asintroducedin Fig. 1 by
R0 = R� d=2 (hencetheunusualvaluesof bendradii in Tables1, 2). Bothde�nitions aremeantasdescriptions
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R [ � m] � = 
 0R0, Ref. [25] � = 
 R, present
200:5 3:1364� 103 � i 6:2059� 10� 1 3:1364� 103 � i 6:2135� 10� 1

400:5 6:2700� 103 � i 4:9106� 10� 2 6:2700� 103 � i 4:9159� 10� 2

600:5 9:4041� 103 � i 2:5635� 10� 3 9:4041� 103 � i 2:5636� 10� 3

800:5 1:2538� 104 � i 1:1174� 10� 4 1:2538� 104 � i 1:1177� 10� 4

1000:5 1:5673� 104 � i 4:4804� 10� 6 1:5673� 104 � i 7:1806� 10� 5

Table2: TE0 angularmodenumbers� for low contrastbendsaccordingto Fig. 1, with differentbendradiusR
andparameters(ns; nf ; nc) = (3:22; 3:26106; 3:22), d = 1� m, for avacuumwavelength� = 1:3� m. Second
column:Resultsfrom Ref. [25].

of thesamephysicalcon�guration, i.e. both leadto thesameangular�eld dependence(1), given in termsof
theazimuthalmodenumbers� asdeterminedby thedispersionequation(7). Via therelation� = 
 R = 
 0R0,
thedifferentchoicesof thebendradiusresultin differentvalues
 and
 0 = 
 R=(R � d=2) for thepropagation
constant,andconsequentlyin differentvalues� , � 0and� , � 0 for thephaseandattenuationconstants.

Still, for many applicationsoneis interestedin thevariationof thephaseconstantandtheattenuationwith the
curvatureof the bend,expressedby the bendradius. Fig. 2 shows correspondingplots for the con�guration
of Table1, includingvaluesfor thetwo differentbendradiusde�nitions. While on thescaleof the �gure the
differencesarenot visible for the attenuationconstants,the levels of the phasepropagationconstantsdiffer
indeedsubstantiallyfor smallerbendradii. As expected,for low curvaturethe valuesof both � =k and� 0=k
tendto theeffective indicesof straightslabwaveguideswith equivalentrefractive index pro�le. For thepresent
low contrastcon�guration,only minordifferencesbetweenTE andTM polarizationoccur.
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Figure2: Phaseconstants� , � 0andattenuationconstants� , � 0versusthebendradiusR, for bendsaccording
to Table1. The dashedquantities� 0 = � R=R0 and� 0 = �R =R0 correspondto a descriptionof thebendin
termsof an alternative bendradiusR0 = R � d=2. The dottedlines in the �rst two plots indicatethe levels
of theeffective indicesof a straightwaveguidewith thecrosssectionandrefractive index pro�le of thebent
slabs.

Certainlynophysicalreasoningshouldrely ontheentirelyarbitraryde�nition of thebendradius.Thisconcerns
e.g.statementsaboutthegrowth or decayof phasepropagationconstantswith R (accordingto Fig. 2 thesign
of the slopecan indeeddiffer), or discussionsaboutthe “phasematching”of bentwaveguidesandstraight
channelsin coupleror microresonatorcon�gurations.Caremustbetakenthatvaluesfor � and� or effective
quantitieslike � =k areusedwith theproperde�nition of R takeninto account.

With thepresentanalytic(or semi-analytic)solutionsathand,wehave now a possibilityto validate“classical”
expressionsfor thevariationof thebendattenuationwith thebendradius.Beyond thehigh curvatureregion,
Fig. 2 shows astrictexponentialdecayof � with respectto R, aspredictedby anapproximatelossformulafor
symmetricbentslabsgivenin [35, Eq.9.6-24]:

� =
R � w

R
g2

2� s(1 + gw)
h2

(n2
f � n2

s)k2 e2gw e� 2(� s tanh� 1
(g=� s )� g)( R� w) : (25)

Here � s is the propagationconstantcorrespondingto the straightwaveguide with the width d = 2w and
refractive index pro�le (ns; nf ; ns) of the bentwaveguideunderinvestigation. Derived quantitiesareg2 =
� 2

s � n2
sk2 andh2 = (n2

f � n2
s)k2 � g2. Fig. 3 revealsa very goodagreementwith theattenuationconstants

calculatedby ourproceduresfor bendswith low curvature.
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Figure 3: Attenuationconstantsof the principal TE and TM modesfor symmetricbent waveguideswith
nf = 1:7, ns = nc = 1:6, d = 1� m, � = 1:3� m, for varying bendradiusR. The dashedlines show the
exponentialdecayaccordingto Eq.(25); thesolidcurvesarethepresentanalyticmodesolver results.

3.2 Mode pro�les

Beyondthevaluesof thepropagationconstants,thepresentanalyticalmodesolver permitsto evaluatemodal
�elds for the full rangeof radialcoordinates.Fig. 4 illustratesnormalizedpro�les for a few fundamentalTE
bendmodesof thecon�gurationsconsideredin Table1.
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Figure 4: TE0 mode pro�les for bendsaccordingto the setting of Table 1, with different bend radii
R = 200; 50; 10� m. First row: radial dependenceof the absolutevalue (solid line), the real- and imagi-
narypart (dashedanddash-dottedlines),andthephaseof thebasicelectric�eld component~Ey . Thepro�les
arenormalizedaccordingto Eq.(12), with theglobalphaseadjustedsuchthat ~Ey(R) is realandpositive. Sec-
ond row: snapshotsof the propagatingbendmodesaccordingto Eq. (1). The gray scalescorrespondto the
levelsof thereal,physical�eld Ey .

Oneobservestheexpectedeffects[35, 25]: Bendswith large radii R supportmodeswith almostthe familiar
symmetric,well con�ned planepro�les of straightsymmetricslabwaveguides.With decreasingbendradius,
thephasepro�les of thebendmodesbecomemoreandmorecurved. Along with the increasingattenuation,
themaximumin theabsolutevalueof thebasicelectric�eld shifts towardstheouterrim of thebend,andthe
relative �eld levels in the exterior region grow. The modepro�les areessentiallycomplex, with oscillatory
behaviour of thereal-andimaginarypartsof the�eld pro�les in theexterior region. Theeffectsof “bending”
andthelossynatureof thebendmodesareillustratedbestby thesnapshotsof thephysical�elds in thesecond
row of Fig. 4.

Justasfor straightwaveguides,thecon�nementof thebendmodesdependscritically upontherefractive index
contrast. As exempli�ed by Fig. 5, oneobserves quite similar effectswhenthe corerefractive index of the
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Figure5: FundamentalTE (left) andTM modepro�les (right) for symmetricbentslabswith R = 50� m,
� = 1:55� m, d = 1� m, ns = nc = 1:45, anddifferentcorerefractive indices. As n f is changedfrom 1:5
to 1:55 to 1:64, the effective propagationconstants
 =k changefrom 1:4580� i 9:2077� 10� 3 to 1:4893�
i 1:1624� 10� 3 to 1:5598� i 2:1364� 10� 7 (TE0), andfrom 1:4573� i 1:0088� 10� 2 to 1:4862� i 1:6013� 10� 3

to 1:5504� i 9:4104� 10� 7 (TM0), respectively.

bendis varied,asfound for the changein bendradius: With loosenedcon�nementandgrowing attenuation
for decreasingn f , themodepro�le maximumshifts towardstheouterrim, andtherelative �eld levels in the
exteriorregionincrease.Notethatall (normalizable)modepro�les decayfor largeradialcoordinatesaccording
to Eqs.(6) and(17), despitetheirappearancein Figs.4 and5 (Seetheinsetsin Figs.4, 7, 9).

3.3 Comparisonwith FDTD results

As anattemptfor a furthervalidationof ourresultsonbendmodeswehaveconsideredthefollowing numerical
experiment.Embeddedin acommonbackground,thecoreof astraightslabwaveguideis placedin thevicinity
of a ring shapedcoreof thesamewidth. If a guidedwave is launchedinto thestraightchannel,by evanescent
couplingit excitesopticalwavesthattravel aroundthering. If, for givenpolarization,thebentring waveguide
supportsonly asinglelow-lossbendmode,onecanexpectthata�eld with thecorrespondingpro�le establishes
itself afterasuitablepropagationdistance.Theexperimentis carriedout in thetimedomain,with aramped-up,
subsequentlytime-harmonicexcitation,thatis advancedoveralimited timeinterval, suchthatresonanceeffects
canbeexcluded.Allowing the“wave front” to propagateoncearoundthering, a radial �eld crosssectione.g.
atanangularpositionof 90� afterthein-couplingregion canbeexpectedto give anapproximationto thebend
modepro�le. By observingthe exponentialdecayof the “stationary” �eld for an angularsegmentafter that
region,onecanestimatetheattenuationof thebendmode.

WehaveappliedastandardFiniteDifferenceTimeDomain(FDTD) scheme[36], [37], whereacomputational
window of 80� 58� m2 is discretizeduniformly by ameshwith stepsizesof 0:05� m. Perfectlymatchedlayer
(PML) boundaryconditionsenclosethecomputationaldomain,with awidth of 8 points,aquadraticenvelope,
anda strengthsuchthat the theoreticalre�ectivity of a wave propagatingthroughthebackgroundmaterialat
normalincidenceis 10� 6. Theinteriorof thecomputationalwindow containsthering with parametersasgiven
for Fig. 6 andthestraightwaveguidewith thesamerefractive index pro�le, with agapof 0:5� m in between.A
modal�eld is launchedinto thestraightcoreusingthetotal �eld /scattered�eld approach[38]. Its amplitudeis
raisedaccordingto a half-Gaussiancurve with a waistof 5fs, with themaximumbeingreachedat 40fs. After
this time,theincident�eld amplitudeis keptconstant.Thesimulationrunsfor a timeof 1:1pswith a timestep
of 0:1fs, afterwhich therampof thewavehasgonearoundthering approximatelyonce.

Fig. 6 shows anexcellentagreementof theapproximationfor thebendmodepro�le obtainedin this way with
theresultof theanalyticalbendmodesolver. Wealsofoundaverygoodagreementof theattenuationconstant
� = 0:01949� m� 1 estimatedby the FDTD simulationwith the analyticresult � = 0:01978� m� 1. Hence
comparisonsof this kind cancon�rm theexpectationthat thebendmodesasintroducedin Eq. (1) areindeed
suitablebasis�elds for a (2-D) descriptionof cylindrical microresonatorcon�gurations.
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3.4 Higher order bendmodes

For cylindrical cavities with relatively high radial refractive index contrast,alsohigherorderbendmodescan
berelevantfor anadequaterepresentationof resonant�eld patterns[39], [40], [41]. Table3 summarizesresults
for propagationconstantsof fundamentaland�rst ordermodesof bothpolarizationsfor a nonsymmetricslab
with decreasingbendradius.In astraightcon�guration,therefractive index pro�le supportstwo guidedmodes
perpolarizationorientation.

TE0 TE1 TM0 TM1

R [ � m] � =k �=k � =k �=k � =k �=k � =k �=k
1 1:6775 � 1:6164 � 1:6758 � 1:6134 �
150 1:6663 � 0 1:6037 1:2117� 10� 7 1:6645 � 0 1:6004 3:5259� 10� 7

100 1:6611 1:0984� 10� 12 1:5979 1:7606� 10� 5 1:6593 1:8446� 10� 12 1:5946 3:4692� 10� 5

50 1:6473 9:6704� 10� 7 1:5818 1:5113� 10� 3 1:6451 1:2668� 10� 6 1:5791 2:0368� 10� 3

20 1:6185 1:8299� 10� 3 1:5283 1:4205� 10� 2 1:6156 2:1391� 10� 3 1:5273 1:7868� 10� 2

10 1:5890 1:6025� 10� 2 1:4381 3:4287� 10� 2 1:5855 1:8702� 10� 2 1:4391 4:6089� 10� 2

Table3: Propagationconstants
 = � � i � of fundamentaland�rst ordermodesfor bendswith (n s; nf ; nc) =
(1:6; 1:7; 1:55), d = 2� m, � = 1:55� m, for differentbendradii R. ThevalueR = 1 indicatesthe corre-
sponding(bimodal)straightwaveguide.

Justasfor thefundamental�elds, theattenuationof the �rst ordermodesgrows with decreasingbendradius.
Fig. 7 shows that the signi�cantly higherlosslevels of the �rst ordermodesareaccompaniedby larger �eld
amplitudesin theexterior region andby awider radialextentof themodepro�les.
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Figure7: Fundamentaland�rst orderTE modesfor thebendsof Table3, absolutevaluesof thebasicpro�le
component~Ey of structureswith radii R = 100, 50, and20� m.

Fig. 8 illustratesthespatialevolution of theTE0 andTE1 modesfor a small con�guration with R = 20� m.
Major differencesbetweentheplotsfor thesinglefundamentaland�rst order�elds arethefasterdecayof the
TE1 modeandtheminimumin theradialdistribution of that�eld. Thelastcolumnof Fig. 8 givesanexample
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for an interferencepatternthat is generatedby a superpositionof both modes.Normalizedpro�les with unit
amplitudesandreal, positive ~Ey(R) areinitialized at � = 0, or z = 0, respectively (cf. Fig. 1). In the core
region oneobservesthefamiliar beatingprocess,herein theangulardirection,with intensitymaximashifting
periodicallybetweenthe centerandthe outer rim of the ring. In the exterior region, the modeinterference
resultsin a ray-like pattern,whererapidlydiverging bundlesof wavespropagatein directionstangentialto the
ring, originatingfrom regionsaroundthe intensitymaximaat theouterring interface. Thesephenomenaare
obscuredby thefastdecayof the�rst ordermode.
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Figure8: Spatialevolution andinterferenceof thefundamentaland�rst orderTE modes,for a con�guration
of Table3 with R = 20� m. The propagationof the TE0 mode(left), of the TE1 mode(center),andof a
superpositionof these(right) is evaluated.Theplotsshow theabsolutevaluejE y j (top) andsnapshotsof the
timeharmonicphysical�eld Ey (bottom).

Apart from thefundamentaland�rst order�elds, furtherhigherordermodescanbefoundfor thebentslabsof
Table3. While theTE0 andTE1 modesconsideredsofar canbeviewedasbeingrelatedto theguidedmodes
supportedby a straightslabwith thesamerefractive index pro�le andthickness,thepro�les shown in Fig. 9
arenot relatedto guidedmodesof thatstraightwaveguide.Theclassi�cationby thenumberof minimain the
absolutevalueof the modepro�le canstill be applied;alsothe systematicsof larger attenuationandhigher
exterior �eld levelsfor growing modeorderremainsvalid.
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Figure9: HigherorderTE modesfor a bendasconsideredfor Table3 with R = 100� m. Thecorresponding
propagationconstants
 =k are1:5347� i 2:8974� 10� 3 (TE2), 1:5094� i 5:7969� 10� 3 (TE3), and1:4891�
i 6:1955� 10� 3 (TE4), respectively. Theinsetsclearlyshow thedecayof themodepro�les for r ! 1 afteran
initial growth of the�eld in thecover region.

In contrastto thetwo lowestorder�elds, thesehigherordermodesexhibit pronouncedintensitymaximain the
interior region. Apparently, for the presentnonsymmetricbend,this indicatesthe transitionto the regime of
whisperinggallerymodes,which is discussedbelow.
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3.5 Whispering gallery modes

In contrastto thecaseof straightcon�gurations,localizedopticalwavescanpropagatealonga singlecurved
dielectric interface. The model of Section2 covers thosecon�gurationswith the formal choicens = nf

in Fig. 1, whered becomesirrelevant. A correspondingansatzfor the modepro�le analogousto (6) with
merelytwo piecesleadsto a dispersionequationthatis considerablysimplerthanEq.(7). Table4 andFig. 10
summarizeresultsfor propagationconstantsandpro�les of thesewhisperinggallerymodes.


 =k, present 
 =k, Ref. [42]
TE0 1:3106� i 1:1294� 10� 5 1:310� i 1:133� 10� 5

TE1 1:1348� i 1:8862� 10� 3 1:134� i 1:888� 10� 3

TE2 0:9902� i 1:1676� 10� 2 �
TE3 0:8558� i 1:8832� 10� 2 �

Table4: Propagationconstants
 for thewhispering
gallerymodesof acurveddielectricinterfacewith the
parametersnf = 1:5, nc = 1:0, R = 4:0� m, and
� = 1:0� m. Third column:Resultsfrom Ref. [42].

For this examplewe adopteda setof parametersfrom Ref. [42], thatspeci�esa high-contrastcurvedinterface
with a rathersmallradius,i.e. a parameterregimethatdiffersconsiderablyfrom thepreviousbentslabs.Still,
for growing modeorder, qualitatively one�nds theincreaseof theattenuation,theoutwardsshift of theouter-
mostpro�le intensitymaxima,theraiseof theexterior �eld levels,andthewider radialextentof thepro�les,
just asfor themodesof thebentcoresin Figs.7 and9. In contrastto the impressiongivene.g.in Refs.[39],
[41], the complex modepro�les exhibit minima in the absolutevalueof the principal �eld component,not
nodalpoints.
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Figure10: Pro�les (top) andphysical�eld evolution (bottom)of the threelowestorderwhisperinggallery
modesaccordingto thespeci�cationof Table4.

Despitethe substantialdifferencesin the attenuationlevels of thesemodes,the higherorder�elds may well
play a role for the representationof resonancesof the correspondingdisc-shapedmicroresonatorcavity, due
to the rathershortcircumference.Thereforewe concludethis paperwith two examplesof interferencesof
whisperinggallerymodesin Fig. 11. As for thebendslabsin Fig. 8 oneobservesan interior beatingpattern
andray-like bundlesof wavesin theexterior, hereon muchshorterrangesin termsof thelocalwavelength.

4 Concluding remarks

In this paperwe have reconsidereda classicalrigorousanalyticmodelfor 2-D optical bentslabwaveguides
andcurveddielectricinterfaceswith piecewise constantrefractive index pro�les. A frequency domainansatz
in termsof complex orderBesselandHankel functionsleadsto aneigenvalueequation(transverseresonance
condition)thatis to besolvedfor thecomplex valuedangularmodenumber.

Accordingto theasymptoticexpansionsof therelevantHankel functions,themodalsolutionsdecayaccording
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Figure11: Interferencepatternsof themodesof Fig. 10 andTable4; theplotsshow theabsolutevaluejEy j
(left) andsnapshotsof the time harmonicphysical�eld E y (right). Superpositionsof the two (top) andthree
(bottom)lowestorder �elds areconsidered,initialized with unit amplitudesof the normalizedpro�les (with
positive ~Ey(R)) at z = 0.

to 1=
p

r for growing radialcoordinatesr , i.e. speci�c productsof thepro�le componentsareintegrablealong
theradialaxis. For purposesof bendmodenormalization,we couldderive quitecompactexpressionsfor the
angularmodal power. A complex valuedproductof two general�elds in the polar coordinatesystemhas
beende�ned,which is suitableto expressorthogonalitypropertiesof nondegenerate,directional,andpolarized
modalsolutionsof thebentwaveguideproblem.

A seriesof detailed(benchmark-)examplescomplementstheformerabstractreasoning.Concerningpropaga-
tion constants,theseemphasizethearbitrarinessin thede�nition of thebendradius.Examplesfor pro�les of
bendmodesandfor thespatialevolutionof therelatedphysical�elds aregiven,for fundamentalandhigheror-
dermodesof bentslabswith relatively smallrefractive index contrast,aswell asfor whisperinggallerymodes
supportedby high-contrastcurvedinterfaces.A few illustrative examplesfor interferencesof bendmodeshave
beenshown, thatexhibit aperiodicangularbeatingpattern(apartfrom themodedecay)in theguidingregions
of thebends,andtangential,ray-like bundlesof outgoingwavesin theexterior regions.

With thepresentresults,asoundanalyticalbasisfor (2-D) coupled-mode-theorymodelingof resonatordevices
involving microringsor microdisksascavities hasbeenestablished.We expectthat many of the notionsof
this paperaredirectly transferableto the caseof 3-D con�gurationsinvolving bentchannelswith 2-D cross
sections.
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