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Abstract. Schedulers in randomly timed games can be classified as to whether
they use timing information or not. We consider continuous-time Markov deci-
sion processes (CTMDPs) and define a hierarchy of positional (P) and history-
dependent (H) schedulers which induce strictly tighter bounds on quantitative
properties on CTMDPs. This classification into time abstract (TA), total time (TT)
and fully time-dependent (T) schedulers is mainly based on the kind of timing de-
tails that the schedulers may exploit. We investigate when the resolution of non-
determinism may be deferred. In particular, we show that TTP and TAP sched-
ulers allow for delaying nondeterminism for all measures, whereas this does nei-
ther hold for TP nor for any TAH scheduler. The core of our study is a transfor-
mation on CTMDPs which unifies the speed of outgoing transitions per state.

1 Introduction

Continuous-time Markov decision processes (CTMDPs) whichare also known as con-
trolled Markov chains, have originated as continuous-timevariants of finite-state prob-
abilistic automata [1], and have been used for, among others, the control of queueing
systems, epidemic, and manufacturing processes. The analysis of CTMDPs is mainly
focused on determining optimal schedulers for criteria such as expected total reward
and expected (long-run) average reward, cf. the survey [2].

As in discrete-time MDPs, nondeterminism in CTMDPs is resolved by schedulers.
An important criterion for CTMDP schedulers is whether theyuse timing information
or not. For time-bounded reachability objectives, e.g., timed schedulers are optimal [3].
For simpler criteria such as unbounded reachability or average reward, time-abstract
(TA) schedulers will do. For such objectives, it suffices to either abstract the timing in-
formation in the CTMDP (yielding an “embedded” MDP) or to transform the CTMDP
into an equivalent discrete-time MDP, see e.g., [4, p. 562] [2]. The latter process is com-
monly referred to as uniformization. Its equivalent on continuous-time Markov chains,
a proper subclass of CTMDPs, is pivotal to probabilistic model checking [5].

The main focus of this paper is on defining a hierarchy of positional (P) and history-
dependent (H) schedulers which induce strictly tighter bounds on quantitative properties
on CTMDPs. This hierarchy refines the notion of generic measurable schedulers [6].
An important distinguishing criterion is the level of detail of timing information the

⋆ supported by the NWO projects QUPES (612.000.420) and FOCUS/BRICKS (642.000.505)
(MOQS) and by the EU grants IST-004527 (ARTIST2) and FP7-ICT-2007-1 (QUASIMODO).



schedulers may exploit, e.g., the delay in the last state, total time (TT), or all individual
state residence times (T).

In general, the delay to jump to a next state in a CTMDP is determined by the ac-
tion selected by the scheduler on entering the current state. We investigate under which
conditions this resolution of nondeterminism may be deferred. Rather than focusing on
a specific objective, we consider this delayed nondeterminism for generic (measurable)
properties. The core of our study is a transformation —calledlocal uniformization— on
CTMDPs which unifies the speed of outgoing transitions per state. Whereas classical
uniformization [7,8,9] adds self-loops to achieve this, local uniformization uses auxil-
iary copy-states. In this way, we enforce that schedulers inthe original and uniformized
CTMDP have (for important scheduler classes) the same power, whereas classical loop-
based uniformization allows a scheduler to change its decision when re-entering a state
through the added self-loop. Therefore, locally uniform CTMDPs allow to defer the
resolution of nondeterminism, i.e., they dissolve the intrinsic dependency between state
residence times and schedulers, and can be viewed as MDPs with exponentially dis-
tributed state residence times.

In particular, we show that TTP and TAP schedulers allow to delay nondetermin-
ism for all measures. As TTP schedulers are optimal for time-bounded reachability ob-
jectives, this shows that local uniformization preserves the probability of such objec-
tives. Finally, we prove that TP and TAH schedulers do not allow for delaying non-
determinism. This results in a hierarchy of time-dependentschedulers and their inclu-
sions. Moreover, we solve an open problem in [3] concerning TAP schedulers.

The paper is organized as follows: Sec. 2 introduces CTMDPs and a general notion
of schedulers which is refined in Sec. 3. In Sec. 4, we define local uniformization and
prove its correctness. Sec. 5 summarizes the main results and Sec. 6 proves that defer-
ring nondeterministic choices induces strictly tighter bounds on quantitative properties.

2 Continuous-time Markov decision processes

We consider CTMDPs with finite setsS = {s0,s1, . . .} andAct= {α,β , . . .} of states
and actions;Distr(S ) andDistr(Act) are the respective sets of probability distributions.

Definition 1 (Continuous-time Markov decision process).Acontinuous-time Markov
decision process(CTMDP) is a tupleC = (S ,Act,R,ν) whereS and Act are finite,
nonempty sets ofstatesand actions, R : S ×Act×S →R≥0 is a three-dimensional
rate matrixandν ∈ Distr(S ) is an initial distribution.
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Fig. 1.A well-formed CTMDP.

If R(s,α,s′) = λ and λ > 0, an α-
transition leads from states to state s′. λ is
the rate of an exponential distribution which
defines the transition’s delay. Hence, it exe-
cutes in time interval [a,b] with probability
ηλ

(
[a,b]

)
=

∫ b
a λe−λ t dt; note thatηλ directly

extends to the Borelσ -field B(R≥0). Further,
Act(s) = {α ∈ Act|∃s′ ∈ S . R(s,α,s′) > 0} is the
set of enabledactions in states and E(s,α) =



∑s′∈S R(s,α,s′) is itsexit rateunder actionα. A CTMDP iswell-formedif Act(s) 6= /0
for all s∈S . As this is easily achieved by adding self-loops, we restrict to well-formed
CTMDPs. The time-abstractbranching probabilitiesare captured by a matrixP where

P(s,α,s′) = R(s,α,s′)
E(s,α) if E(s,α) > 0 andP(s,α,s′) = 0 otherwise.

Example 1.If α is chosen in states0 of the CTMDP in Fig. 1, we enter states1 after a
delay which is exponentially distributed with rateR(s0,α,s1) = E(s0,α) = 1. For state
s1 and actionα, aracedecides which of the twoα-transitions executes; in this case, the
sojourn timeof states1 is exponentially distributed with rateE(s1,α) = 3. The time-

abstract probability to move to states3 is R(s1,α,s3)
E(s1,α) = 1

3.

2.1 The probability space

In a CTMDPC = (S ,Act,R,ν), a finite pathπ of length n (denoted|π| = n) is a

sequenceπ = s0
α0,t0−−−→ s1

α1,t1−−−→ ·· ·
αn−1,tn−1
−−−−−→ sn wheresi ∈ S , αi ∈ Act andti ∈ R≥0.

With π[k] = sk andδ (π,k) = tk we refer to itsk-th state and the associated sojourn time.
Accordingly,∆(π) = ∑n−1

k=0 tk is the total time spent onπ. Finally, π↓ = sn denotes the

last state ofπ andπ[i..k] is the path infixsi
αi ,ti−−→ ·· ·

αk−1,tk−1
−−−−−→ sk. The pathπ is built by a

state and a sequence ofcombined transitionsfrom the setΩ = Act×R≥0×S : It is the
concatenations0 ◦m0 ◦m1 · · · ◦mn−1 wheremi = (αi , ti ,si+1) ∈ Ω . ThusPathsn(C ) =
S ×Ω n yields the set of paths of lengthn in C and analogously,Paths⋆(C ), Pathsω(C )
andPaths(C ) denote the sets of finite, infinite and all paths ofC . We useabs(π) =

s0
α0−→ s1

α2−→ ·· ·
αn−1
−−−→ sn to refer to thetime-abstractpath induced byπ and define

Pathsnabs(C ) accordingly. For simplicity, we omit the reference toC wherever possible.
Events inC are measurable sets of paths; as paths are sequences of combined tran-

sitions, we first define theσ -field F = σ
(
FAct×B(R≥0)×FS

)
on subsets ofΩ where

FS = 2S andFAct = 2Act. Based on(Ω ,F), we derive the productσ -field FPathsn =
σ

(
{S0×M0×·· ·×Mn−1 | S0 ∈ FS ,Mi ∈ F}

)
for paths of lengthn. Finally, the cylinder-

set construction [10] allows to extend this to aσ -field over infinite paths: A setB ∈
FPathsn is abaseof the infinitecylinder C if C = Cyl(B) = {π ∈ Pathsω | π[0..n] ∈ B}.
Now the desiredσ -field FPathsω is generated by the set of all cylinders, i.e.FPathsω =
σ

(⋃∞
n=0{Cyl(B) | B∈ FPathsn}

)
. For an in-depth discussion, we refer to [10,11,6].

2.2 Probability measure

The probability measures onFPathsn andFPathsω are defined using schedulers that re-
solve the nondeterminism in the underlying CTMDP.

Definition 2 (Generic measurable scheduler).Let C be a CTMDP with actions in
Act. Ageneric scheduleron C is a mapping D: Paths⋆ ×FAct → [0,1] where D(π, ·) ∈
Distr(Act(π↓)). It is measurable(gm-scheduler) iff the functions D(·,A) : Paths⋆ →
[0,1] are measurable for all A∈ FAct.

On reaching statesn via pathπ, D(π, t, ·) defines a distribution overAct(sn) and thereby
resolves the nondeterminism in statesn. The measurability condition in Def. 2 states



that{π ∈ Paths⋆|D(π,A) ∈ B} ∈ FPaths⋆ for all A∈ FAct andB∈B([0,1]); it is required
for the Lebesgue-integral in Def. 4 to be well-defined.

To define a probability measure on sets of paths, we proceed stepwise and first
derive a probability measure on sets of combined transitions:

Definition 3 (Probability on combined transitions). Let C =(S ,Act,R,ν) be a CT-
MDP and D a gm-scheduler onC . For all π ∈ Paths⋆(C ), define the probability mea-
sureµD(π, ·) : F → [0,1] where

µD(π,M) =
∫

Act
D(π,dα)

∫

R≥0

ηE(π↓,α)(dt)
∫

S

IM(α , t,s′) P(s,α ,ds′). (1)

Here,IM denotes the characteristic function ofM ∈ F. A proof thatµD(π, ·) is indeed
a probability measure can be found in [6, Lemma 1]. Intuitively, µD(π,M) is the prob-
ability to continue on pathπ under schedulerD with a combined transition inM. With
µD(π, ·) andν , we can define the probability of sets of paths:

Definition 4 (Probability measure).LetC =(S ,Act,R,ν) be a CTMDP and D a gm-
scheduler onC . For n≥ 0, we define the probability measures Prn

ν ,D on the measurable
space(Pathsn,FPathsn) inductively as follows:

Pr0
ν ,D : FPaths0 → [0,1] : Π 7→ ∑

s∈Π
ν ({s}) and for n> 0

Prn
ν ,D : FPathsn → [0,1] : Π 7→

∫

Pathsn−1
Prn−1

ν ,D (dπ)
∫

Ω
IΠ (π ◦m) µD(π,dm).

Intuitively, we measure sets of pathsΠ of length n by multiplying the probability
Prn−1

ν ,D (dπ) of path prefixesπ with the probabilityµD(π,dm) of a combined transi-
tion m that extendsπ to a path inΠ . Together, the measuresPrn

ν ,D extend to a unique
measure onFPathsω : if B ∈ FPathsn is a measurable base andC = Cyl(B), we define
Prω

ν ,D(C) = Prn
ν ,D(B). Due to the inductive definition ofPrn

ν ,D, the Ionescu–Tulcea ex-
tension theorem [10] is applicable and yields a unique extension ofPrω

ν ,D from cylin-
ders to arbitrary sets inFPathsω .

As we later need to split a set of paths into a set of prefixesI and a set of suffixesΠ ,
we define the set of path prefixes of lengthk > 0 byPPrefk = (FS ×FAct×B(R≥0))

k

and provide a probability measure on itsσ -field FPPrefk:

Definition 5 (Prefix measure).Let C = (S ,Act,R,ν) be a CTMDP and D a gm-
scheduler onC . For I ∈ FPPrefk and k> 0, define

µk
ν ,D(I) =

∫

Pathsk−1
Prk−1

ν ,D (dπ)
∫

Act
D(π,dα)

∫

R≥0

I I
(
π α,t
−−→

)
ηE(π↓,α)(dt).

As Prk−1
ν ,D is a probability measure, so isµk

ν ,D. If I ∈ FPPrefk and Π ∈ FPathsn, their

concatenation is the setI ×Π ∈ FPathsk+n; its probabilityPrk+n
ν ,D (I ×Π) is obtained by

multiplying the measure of prefixesi ∈ I with the suffixes inΠ :

Lemma 1. Let Π ∈ FPathsn and I ∈ FPPrefk. If i = s0
α0,t0−−−→ ·· ·sk−1

αk−1,tk−1
−−−−−→, define

νi = P(sk−1,αk−1, ·) and Di(π, ·) = D(i ◦π, ·). Then

Prk+n
ν ,D (I ×Π) =

∫

PPrefk
µk

ν ,D(di)
∫

Pathsn
I I×Π (i ◦π) Prn

νi ,Di
(dπ).

Lemma 1 justifies to split sets of paths and to measure the components of the resulting
Cartesian product; therefore, it abstracts from the inductive definition ofPrn

ν ,D.



3 Scheduler classes
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Fig. 2.Scheduler classes.

Section 2.2 defines the probability of sets of paths w.r.t.
a gm-scheduler. However, this does not fully describe a
CTMDP, as a single scheduler is only one way to resolve
nondeterminism. Therefore we define scheduler classes
according to the information that is available when mak-
ing a decision. Given an eventΠ ∈ FPathsω , a scheduler
class induces a set of probabilities which reflects the CT-
MDP’s possible behaviours. In this paper, we investigate
which classes in Fig. 2 preserve minimum and maximum
probabilities if nondeterministic choices are delayed.

As proved in [6], the most general class is the set of
all gm-schedulers: If pathsπ1,π2 ∈ Paths⋆ of a CTMDP
end in states, a gm-schedulerD : Paths⋆×FAct→ [0,1] may yield different distributions
D(π1, ·) andD(π2, ·) over the next action, depending on the entire historiesπ1 andπ2.
We call this the class oftimed, history dependent (TH)schedulers.

On the contrary,D is a time-abstract positional(TAP) scheduler, ifD(π1, ·) =
D(π2, ·) for all π1,π2 ∈ Paths⋆ that end in the same state. AsD(π, ·) only depends on
the current state, it is specified by a mappingD : S → Distr(Act).

s0

s1 s2

s31

1

3

1

Fig. 3. Induced CTMC

Example 2.For TAP schedulerD with D(s0) = {α 7→ 1}
and D(s1) = {β 7→ 1}, the induced stochastic process
of the CTMDP in Fig. 1 is the CTMC depicted in
Fig. 3. Note that in general, randomized schedulers do
not yield CTMCs as the induced sojourn times are hyper-
exponentially distributed.

For TAHOP schedulers, the decision may depend on the currentstates and the length
of π1 andπ2 (hop-counting schedulers); accordingly, they are isomorphic to mappings
D : S ×N→ Distr(Act). Moreover,D is a time-abstract history-dependentscheduler
(TAH), if D(π1, ·) = D(π2, ·) for all historiesπ1,π2 ∈ Paths⋆ with abs(π1) = abs(π2);
given historyπ, TAH schedulers may decide based on the sequence of states and actions
in abs(π). In [3], the authors show that TAHOP and TAH induce the same probability
bounds for timed reachability which are tighter than the bounds induced by TAP.

Time-dependent scheduler classes generally induce probability bounds that exceed
those of the corresponding time-abstract classes [3]: If wemove from states to s′, a
timed positionalscheduler (TP) yields a distribution overAct(s′) which depends ons′

and the time to go froms to s′; thus TP extends TAP with information on the delay of
the last transition.

Similarly, total time history-dependentschedulers (TTH) extend TAH with infor-
mation on the time that passed up to the current state: IfD ∈ TTH andπ1,π2 ∈ Paths⋆

are histories withabs(π1)=abs(π2) and ∆(π1)=∆(π2), thenD(π1, ·)=D(π2, ·). Note
thatTTH ⊆ TH, as TTH schedulers may depend on the accumulated time but noton
sojourn times in individual states of the history. Generally the probability bounds of
TTH are less strict than those of TH.



scheduler class scheduler signature

tim
e

ab
st

ra
ct positional (TAP) D : S → Distr(Act)

hop-counting (TAHOP)D : S ×N→ Distr(Act)
time abstract

D : Paths⋆abs→ Distr(Act)
history dependent (TAH)

tim
e

de
pe

nd
en

t

timed history full timed history
dependent (TH) D : Paths⋆ → Distr(Act)
total time history sequence of states & total time
dependent (TTH) D : Paths⋆abs×R≥0 → Distr(Act)

total time last state & total time
positional (TTP) D : S ×R≥0 → Distr(Act)

timed positional (TP)
last state & delay of last transition
D : S ×R≥0 → Distr(Act)

Table 1.Proposed scheduler classes for CTMDPs.

In this paper, we focus ontotal time positionalschedulers (TTP) which are given by
mappingsD : S ×R≥0 → Distr(Act). They are similar to TTH schedulers but abstract
from the state-history. Forπ1,π2 ∈ Paths⋆, D(π1, ·) = D(π2, ·) if π1 andπ2 end in the
same state and have the same simulated time∆(π1) = ∆(π2). TTP schedulers are of
particular interest, as they induce optimal bounds w.r.t. timed reachability: To see this,
consider the probability to reach a set of goal statesG⊆ S within t time units. If state
s is reached viaπ ∈ Paths⋆ (without visitingG), the maximal probability to enterG is
given by a scheduler which maximizes the probability to reach G from states within
the remainingt−∆(π) time units. Obviously, a TTP scheduler is sufficient in this case.

Example 3.For t ∈ R≥0, let the TTP-schedulerD for the CTMDP of Fig. 1 be given
by D(s0,0) = {α 7→ 1} andD(s1, t) = {α 7→ 1} if t ≤ 0.64 andD(s1, t) = {β 7→ 1},
otherwise. It turns out thatD maximizes the probability to reachs3 within time t. For
now, we only note that the probability induced byD is obtained by the gm-scheduler
D′(π) = D(π↓,∆(π)).

Note that we can equivalently specify any gm-schedulerD : Paths⋆ ×FAct → [0,1] as a
mappingD′ : Paths⋆ →Distr(Act) by settingD′(π)(A) = D(π,A) for all π ∈Paths⋆ and
A∈ FAct; to further simplify notation, we also useD(π, ·) to refer to this distribution.

Definition 6 (Scheduler classes).Let C be a CTMDP and D a gm-scheduler onC .
For π,π ′ ∈ Paths⋆(C ), the scheduler classes are defined as follows:

D∈TAP⇐⇒∀π,π ′.π↓ = π ′↓⇒ D(π, ·) = D(π ′, ·)

D∈TAHOP⇐⇒∀π,π ′.
(
π↓ = π ′↓∧ |π| = |π ′|

)
⇒ D(π, ·) = D(π ′, ·)

D∈TAH⇐⇒∀π,π ′.abs(π) = abs(π ′) ⇒ D(π, ·) = D(π ′, ·)

D∈TTH⇐⇒∀π,π ′.
(
abs(π)=abs(π ′)∧∆(π)=∆(π ′)

)
⇒ D(π, ·)=D(π ′, ·)

D∈TTP⇐⇒∀π,π ′.
(
π↓=π ′↓∧∆(π)=∆(π ′)

)
⇒ D(π, ·)=D(π ′, ·)

D∈TP⇐⇒∀π,π ′.
(
π↓=π ′↓∧δ (π, |π−1|)=δ (π ′, |π ′−1|)

)
⇒ D(π, ·)=D(π ′, ·).

Def. 6 justifies to restrict the domain of the schedulers to the information the respective
class exploits. In this way, we obtain the characterizationin Table 1. We now come
to the transformation on CTMDPs that unifies the speed of outgoing transitions and
thereby allows to defer the resolution of nondeterministicchoices.
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(a) Fragment of a non-uniform CTMDP.
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Fig. 4. How to obtain locally uniform CTMDPs by introducing copy states.

4 Local uniformization

Generally, the exit rate of a state depends on the action thatis chosen by the scheduler
when entering the state. This dependency requires that the scheduler decides directly
when entering a state, as otherwise the state’s sojourn timedistribution is not well-
defined. An exception to this arelocally uniformCTMDPs which allow to delay the
scheduler’s choice up to the point when the state is left:

Definition 7 (Local uniformity). A CTMDP(S ,Act,R,ν) is locally uniform iff there
exists u: S →R>0 such that E(s,α) = u(s) for all s∈ S ,α ∈ Act(s).

In locally uniform CTMDPs the exit rates are state-wise constant with rateu(s); hence,
they do not depend on the action that is chosen. Therefore locally uniform CTMDPs
allow to delay the scheduler’s decision until the current state is left. To generalize this
idea, we propose a transformation on CTMDPs which attains local uniformity; further,
in Sec. 4.2 we investigate as to which scheduler classes local uniformization preserves
quantitative properties.

Definition 8 (Local uniformization). LetC = (S ,Act,R,ν) be a CTMDP and define
u(s) = max{E(s,α) | α ∈ Act} for all s ∈ S . ThenC = (S ,Act,R,ν) is the locally
uniform CTMDP induced byC whereS = S ·∪Scp, Scp = {sα | E(s,α) < u(s)} and

R(s,α ,s′) =







R(s,α ,s′) if s,s′ ∈ S

R(t,α ,s′) if s = tα ∧s′ ∈ S

u(s)−E(s,α) if s∈ S ∧s′ = sα

0 otherwise.

Further,ν(s) = ν(s) if s∈ S and0, otherwise.

Local uniformization is done for each states separately with uniformization rateu(s).
If the exit rate ofsunder actionα is less thanu(s), we introduce a copy-statesα and an
α-transition which carries the missing rateR(s,α,sα) = u(s)−E(s,α). Regardingsα ,
only the outgoingα-transitions ofs carry over tosα . Hencesα is deterministic in the
sense thatAct(sα) = {α}.

Example 4.Consider the fragment CTMDP in Fig. 4(a) whereλ = ∑λi andµ > 0. It is
not locally uniform asE(s0,α) = λ andE(s0,β ) = λ +µ . Applying our transformation,
we obtain the locally uniform CTMDP in Fig. 4(b).



Local uniformization ofC introduces new states and transitions inC . The paths inC
reflect this and differ from those ofC ; more precisely, they may contain sequences of

transitionss
α,t
−→ sα α,t ′

−−→ s′ wheresα is a copy-state. Intuitively, if we identifysandsα ,

this corresponds to a single transitions
α,t+t ′
−−−→ s′ in C . To formalize this correspondence,

we derive a mappingmergeon all pathsπ ∈ Paths⋆
(
C

)
with π[0],π↓ ∈ S : If |π| = 0,

merge(π) = π[0]. Otherwise, let

merge
(
s

α,t
−−→ π

)
=







s
α,t
−−→ merge(π) if π[0] ∈ S

merge(s
α,t+t ′
−−−−→ π ′) if π = sα α,t ′

−−→ π ′.

Naturally,mergeextends to infinite paths if we do not requireπ↓ ∈S ; further, merging
a set of pathsΠ is defined element-wise and denotedmerge(Π).

Example 5.Let π = s0
α0,t0−−−→ sα0

0

α0,t
′
0−−−→ s1

α1,t1−−−→ s2
α2,t2−−−→ sα2

2

α2,t
′
2−−−→ s3 be a path inC .

Thenmerge(π) = s0
α0,t0+t ′0−−−−−→ s1

α1,t1−−−→ s2
α2,t2+t ′2−−−−−→ s3.

For the reverse direction, we map sets of paths inC to sets of paths inC ; formally, if
Π ⊆ Paths(C ) we defineextend(Π) =

{
π ∈ Paths(C ) | merge(π) ∈ Π

}
.

Lemma 2. LetC be a CTMDP andΠ1,Π2, · · · ⊆ Paths(C ). Then

1. Π1 ⊆ Π2 =⇒ extend(Π1) ⊆ extend(Π2),
2. Π1∩Π2 = /0 =⇒ extend(Π1)∩extend(Π2) = /0 and
3.

⋃
extend(Πk) = extend

(⋃
Πk

)
.

Our goal is to construct gm-schedulers such that the path probabilities inC andC are
equal. Therefore, we first adopt a local view and prove that the probability of a single
step inC equals the probability of the corresponding steps inC .

4.1 One-step correctness of local uniformization

Consider the CTMDP in Fig. 4(a) whereλ = ∑λi . Assume that actionα is chosen in
states0; then R(s0,α,si)

E(s0,α) = λi
λ is the probability to move to statesi (wherei ∈ {0,1,2}).

Hence the probability to reachsi in time interval[0, t] is

λi

λ

∫ t

0
ηλ (dt1). (2)

Let us compute the same probability forC depicted in Fig. 4(b): The probability to

go froms0 to si directly (with actionα) is R(s0,α,si)

E(s0,α)
= λi

λ+µ ; however, with probability
R(s0,α,sα

0 )

E(s0,α)
·

R(sα
0 ,α,si)

E(sα
0 ,α)

= µ
λ+µ · λi

λ we instead move to statesα
0 and only then tosi . In this

case, the probability that in time interval[0, t] anα-transition ofs0 executes, followed
by one ofsα

0 is
∫ t

0(λ + µ)e−(λ+µ)t1
∫ t−t1

0 λe−λ t2 dt2 dt1. Hence, we reach statesi with
actionα in at mostt time units with probability

λi

λ + µ

∫ t

0
ηλ+µ (dt1)+

µ
λ + µ

·
λi

λ

∫ t

0
ηλ+µ (dt1)

∫ t−t1

0
ηλ (dt2). (3)



It is easy to verify that (2) and (3) are equal. Thus the probability to reach a (non-
copy) successor state in{s0,s1,s2} is the same forC andC . It can be computed by
replacingλi with ∑λi in (2) and (3). This straightforwardly extends to the Borelσ -
field B(R≥0); further, the equality of (2) and (3) is preserved even if we integrate
over a Borel-measurable functionf : R≥0 → [0,1]. In the following, we consider the
probability to reach an arbitrary non-copy state within time T ∈ B(R≥0); thus in the
following lemma, we replaceλi with ∑λi = λ :

Lemma 3 (One-step timing).Let f :R≥0 → [0,1] be a Borel measurable function and
T ∈ B(R≥0). Then

∫

T
f (t) ηλ (dt) =

λ
λ + µ

∫

T
f (t) ηλ+µ (dt)+

µ
λ + µ

∫

R≥0

ηλ+µ (dt1)
∫

T⊖t1
f (t1 + t2) ηλ (dt2)

where T⊖ t = {t ′ ∈R≥0 | t + t ′ ∈ T}.

The equality of (2) and (3) proves that the probability of a single step inC equals the
probability of one or two transitions (depending on the copy-state) inC . In the next
section, we lift this argument to sets of paths inC andC .

4.2 Local uniformization is measure preserving

We prove that for any gm-schedulerD (onC ) there exists a gm-schedulerD (onC ) such
that the induced probabilities for the sets of pathsΠ andextend(Π) are equal. However,
asC differs fromC , we cannot useD to directly infer probabilities onC . Instead, given
a historyπ in C , we defineD(π, ·) such that it mimics the decision thatD takes inC

for historymerge(π): For all π ∈ Paths⋆(C ),

D(π, ·) =







D(π, ·) if π[0],π↓ ∈ S ∧merge(π) = π
{α 7→ 1} if π↓ = sα ∈ Scp

γπ otherwise,

whereγπ is an arbitrary distribution overAct(π↓): If mergeis applicable toπ (i.e.
if π[0],π↓ ∈ S ), thenD(π, ·) is the distribution thatD yields for pathmerge(π) in
C ; further, if π↓ = sα thenAct(sα) = {α} and thusD chooses actionα. Finally, C

contains paths that start in a copy-statesα . But asν(sα) = 0 for all sα ∈ Scp, they do
not contribute any probability, independent ofD(π, ·).

Based on this, we consider a measurable baseBof the formB= S0×A0×T0× . . .×Sn

in C . This corresponds to the setextend(B) of paths inC . As extend(B) contains paths
of different lengths, we resort to its induced (infinite) cylinderCyl(extend(B)) and prove
that its probability equals that ofB :

Lemma 4 (Measure preservation under local uniformization).LetC =(S ,Act,R,ν)
be a CTMDP, D a gm-scheduler onC and B= S0×A0×T0×·· ·×Sn ∈ FPathsn(C ). Then
there exists a gm-schedulerD such that

Prn
ν ,D

(
B
)

= Pr
ω
ν ,D

(
Cyl(extend(B))

)

wherePr
ω
ν ,D is the probability measure induced byD andν onFPathsω (C ).



Proof. To shorten notation, letB = extend(B) andC = Cyl(B). In the induction base

B= S0 andPr0
ν ,D(B) = ∑s∈B ν(s) = ∑s∈B ν(s) = Pr

0
ν,D(B) = Pr

ω
ν,D(C). In the induction

step, we extendB with a set of initial path prefixesI = S0×A0×T0 and consider the base
I×B which contains paths of lengthn+1:

Prn+1
ν ,D (I×B) =

∫

I
Prn

νi ,Di
(B) µ1

ν ,D(di) by Lemma 1

=
∫

I
Pr

ω
νi ,Di

(C) µ1
ν ,D(di) by ind. hyp.

= ∑
s∈S0

ν(s) ∑
α∈A0

D(s,α)
∫

T0

Pr
ω
νi ,Di

(C) ηE(s,α)(dt) wherei = (s,α , t)

= ∑
s∈S0

ν(s) ∑
α∈A0

D(s,α)
∫

T0

Pr
ω
νi ,Di

(C)
︸ ︷︷ ︸

f (s,α,t)

ηE(s,α)(dt) by Def. ofν,D.

The probabilitiesPr
ω
νi ,Di

(C) define a measurable functionf (s,α, ·) :R≥0 → [0,1] where

f (s,α, t) = Pr
ω
νi ,Di

(C) if i = (s,α, t). Therefore we can apply Lemma 3 and obtain

Prn+1
ν ,D (I ×B) = ∑

s∈S0

ν(s) ∑
α∈A0

D(s,α) ·
[

P(s,α ,S )
∫

T0

f (s,α , t) ηE(s,α)(dt)

+P(s,α ,sα)
∫

R≥0

ηE(s,α)(dt1)
∫

T0⊖t1
f (s,α , t1 + t2) ηE(sα ,α)(dt2)

]

.

(4)

To rewrite this further, note that any path prefixi = (s,α, t) in C induces the sets of path

prefixesI1(i) =
{

s
α,t
−→

}
and I2(i) =

{
s

α,t1−−→ sα α,t2−−→ | t1 + t2 = t
}

in C , whereI1(i)
corresponds to directly reaching a state inS , whereas inI2(i) the detour via copy-state
sα is taken. As defined in Lemma 1,νi(s′) = P(s,α,s′) is the probability to go to state
s′ when moving along prefixi in C . Similarly, forC we defineν i(s

′) as the probability
to be in states′ ∈ S after a path prefixi ∈ I1(i)∪ I2(i): If i ∈ I1(i) then we move to a
states′ ∈S directly and do not visit copy-statesα . Thusν i(s

′) = P(s,α,s′) for i ∈ I1(i).

Further,P(s,α,s′) in C equals the conditional probabilityP(s,α,s′)
P(s,α,S )

to enters′ in C given

that we move there directly. Thereforeν i(s
′) = P(s,α,S ) ·νi(s′) if i ∈ I1(i).

If insteadi ∈ I2(i) then i has the forms
α,t1−−→ sα α,t2−−→ andν i(s

′) = P(sα ,α,s′) is
the probability to end up in states′ after i. By the definition ofsα , this is equal to the
probability to move from states to s′ in C . Henceν i(s

′) = νi(s′) if i ∈ I2(i).
As defined in Lemma 1,Di(π, ·) = D(i ◦ π, ·) andDi(π, ·) = D(i ◦ π, ·). From the

definition ofD we obtainDi(π, ·) = Di(π, ·) for all i ∈ I1(i)∪ I2(i) andπ ∈ extend(π).
Hence it follows that ifi = (s,α, t) andi ∈ I1(i)∪ I2(i) it holds

Pr
ω
ν i ,Di

(C) =

{

P(s,α ,S ) ·Pr
ω
νi ,Di

(C) if i ∈ I1(i)

Pr
ω
νi ,Di

(C) if i ∈ I2(i).
(5)

Note that the first summand in (4) corresponds to the setI1(s,α, t) and the second to
I2(s,α, t1 + t2). Applying equality (5) to the right-hand side of (4) we obtain



Prn+1
ν ,D (I ×B) = ∑

s∈S0

ν(s) ∑
α∈A0

D(s,α)
∫

T0

Pr
ω
ν i ,Di

(C) ηE(s,α)(dt)

+ ∑
s∈S0

ν(s) ∑
α∈A0

D(s,α) ·P(s,α ,sα)
∫

R≥0

ηE(s,α)(dt1)
∫

T0⊖t1
Pr

ω
ν i ,Di

(C) ηE(sα ,α)(dt2).

Applying Def. 5 allows to integrate over the sets of path prefixes I1 =
⋃

i∈I I1(i) and
I2 =

⋃

i∈I I2(i) which are induced byI = S0×A0×T0 and to obtain

Prn+1
ν ,D (I ×B) =

∫

I1

Pr
ω
ν i ,Di

(C) µ1
ν ,D(di)+

∫

I2

Pr
ω
ν i ,Di

(C) µ2
ν ,D(di).

Rewriting the right-hand side yieldsPrn+1
ν ,D (I ×B) = Pr

ω
ν ,D

(
Cyl(extend(I ×B))

)
. ⊓⊔

Lemma 4 holds for all measurable rectanglesB = S0×A0×T0× . . .×Sn; however, we
aim at an extension to arbitrary basesB∈ FPathsn(C ). Thus letGPathsn(C ) be the class of
all finite disjoint unions of measurable rectangles. ThenGPathsn(C ) is afield [10, p. 102]:

Lemma 5. Let C = (S ,Act,R,ν) be a CTMDP, D a gm-scheduler onC and n∈N.
Then Prnν ,D(B) = Pr

ω
ν ,D

(
Cyl(extend(B))

)
for all B ∈ GPathsn(C ).

With the monotone class theorem [10], the preservation property extends fromGPathsn

to theσ -field FPathsn: A classC of subsets ofPathsn is a monotone class if it is closed
under in- and decreasing sequences: ifΠk ∈ C andΠ ⊆ Pathsn such thatΠ0 ⊆ Π1 ⊆ ·· ·
and

⋃∞
k=0 Πk = Π , we writeΠk ↑ Π (similary for Πk ↓ Π ). ThenC is a monotone class

iff for all Πk ∈ C andΠ ⊆ Pathsn with Πk ↑ Π or Πk ↓ Π it holds thatΠ ∈ C.

Lemma 6 (Monotone class).LetC =(S ,Act,R,ν) be a CTMDP with gm-scheduler D.

The setC =
{

B∈ FPathsn(C ) | Prn
ν ,D(B) = Pr

ω
ν,D

(
Cyl(extend(B))

)}

is a monotone class.

Lemma 7 (Extension).LetC = (S ,Act,R,ν) be a CTMDP, D a gm-scheduler onC
and n∈N. Then Prnν ,D(B) = Pr

ω
ν ,D

(
Cyl(extend(B))

)
for all B ∈ FPathsn(C ).

Proof. By Lemma 6,C is a monotone class and by Lemma 5 it follows thatGPathsn(C ) ⊆
C. Thus, the Monotone Class Theorem [10, Th. 1.3.9] applies and FPathsn ⊆ C. Hence
Prn

ν ,D(B) = Pr
ω
ν ,D

(
Cyl(extend(B))

)
for all B∈ FPathsn. ⊓⊔

Lemma 4 and its measure-theoretic extension to theσ -field are the basis for the major
results of this work as presented in the next section.

5 Main results

The first result states the correctness of the construction of schedulerD, i.e. it asserts
thatD andD assign the same probability to corresponding sets of paths.

Theorem 1. Let C = (S ,Act,R,ν) be a CTMDP and D a gm-scheduler onC . Then
Prω

ν ,D(Π) = Pr
ω
ν ,D

(
extend(Π)

)
for all Π ∈ FPathsω .

Proof. Each cylinderΠ ∈ FPathsω (C ) is induced by a measurable base [10, Thm. 2.7.2];
henceΠ = Cyl(B) for someB∈ FPathsn(C ) andn∈N. But then,Prω

ν ,D(Π) = Prn
ν ,D(B)

andPrn
ν ,D(B) = Pr

ω
ν ,D

(
extend(Π)

)
by Lemma 7. ⊓⊔



With Lemma 4 and its extension, we are now ready to prove that local uniformization
does not alter the CTMDP in a way that we leak probability masswith respect to the
most important scheduler classes:

Theorem 2. Let C = (S ,Act,R,ν) be a CTMDP andΠ ∈ FPathsω (C ). For scheduler
classesD ∈ {TH,TTH,TTP,TAH,TAP} it holds that

sup
D∈D(C )

Prω
ν ,D(Π) ≤ sup

D′∈D(C )

Pr
ω
ν ,D′(extend(Π)). (6)

Proof. By Thm. 1, the claim follows for the class of all gm-schedulers, that is, for
D = TH. For the other classes, it remains to check that the gm-scheduler D used in
Lemma 4 also falls into the respective class. Here, we state the proof forTTP: If D : S ×
R≥0 → Distr(Act) ∈ TTP, defineD(s,∆) = D(s,∆) if s∈ S andD(sα ,∆) = {α 7→ 1}
for sα ∈ Scp. Then Lemma 4 applies verbatim. ⊓⊔

Thm. 4 proves that (6) does not hold forTP andTAHOP. Although we obtain a gm-
schedulerD on C for anyD ∈ TP(C )∪TAHOP(C ) by Thm. 1,D is generally not in
TP(C ) (or TAHOP(C ), resp.). For the main result, we identify the scheduler classes,
that do not gain probability mass by local uniformization:

Theorem 3. LetC = (S ,Act,R,ν) be a CTMDP andΠ ∈ FPathsω (C ). Then

sup
D∈D(C )

Prω
ν ,D(Π) = sup

D′∈D(C )

Pr
ω
ν ,D′(extend(Π)) for D ∈ {TTP,TAP} .

Proof. Thm. 2 proves the direction from left to right. For the reverse, letD′ ∈ TTP(C )
and defineD ∈ TTP(C ) such thatD(s,∆) = D′(s,∆) for all s∈S ,∆ ∈R≥0. ThenD =
D′ andPr

ω
ν,D′(extend(Π)) = Prω

ν ,D(Π) by Thm. 1. Hence the claim forTTP follows;

analogue forD′ ∈ TAP(C ). ⊓⊔

Conjecture 1.We conjecture that Thm. 3 also holds forTH andTTH. ForD′ ∈ TH(C ),
we aim at defining a schedulerD ∈ TH(C ) that induces the same probabilities onC .
However, a historyπ ∈ Paths⋆(C ) corresponds to the uncountable setextend(π) in C

s.t. D′(π, ·) may be different for eachπ ∈ extend(π). As D can only decide once on
history π, in order to mimicD′ on C , we propose to weigh each distributionD′(π, ·)
with the conditional probability ofdπ givenextend(π).

In the following, we disprove (6) forTP andTAHOPschedulers. Intuitively,TP sched-
ulers rely on the sojourn time in the last state; however, local uniformization changes
the exit rates of states by adding transitions to copy-states.

Theorem 4. For G ∈ {TP,TAHOP}, there existsC andΠ ∈ FPathsω (C ) such that

sup
D∈G(C )

Prω
ν ,D(Π) > sup

D′∈G(C )

Pr
ω
ν ,D′

(
extend(Π)

)
.

Proof. We give the proof forTP: Consider the CTMDPsC andC in Fig. 1 and Fig. 5(a),
resp. LetΠ ∈ FPathsω (C ) be the set of paths inC that reach states3 in 1 time unit and

let Π = extend(Π). To optimizePrω
ν ,D(Π) andPr

ω
ν ,D′(Π), any schedulerD (resp.D′)
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(a) Local uniformization of Fig. 1.

fβ (t)

t

fα(t)

(b) From states1 to states3.

Fig. 5. Timed reachability of states3 (starting ins1) in C andC .

must choose{α 7→ 1} in states0. Nondeterminism only remains in states1; here, the
optimal distribution over{α,β} depends on the timet0 that was spent to reach states1:
In C andC , the probability to go froms1 to s3 in the remainingt = 1− t0 time units is
fα(t) = 1

3 −
1
3e−3t for α and fβ (t) = 1+ 1

2e−3t − 3
2e−t for β . Fig. 5(b) shows the cdfs

of fα and fβ ; as any convex combination ofα andβ results in a cdf in the shaded area
of Fig. 5(b), we only need to consider the extreme distributions{α 7→ 1} and{β 7→ 1}
for maximal reachability. Letd be the unique solution (inR>0) of fα(t) = fβ (t), i.e.

the point where the two cdfs cross. ThenDopt(s0
α,t0−−→ s1, ·) = {α 7→ 1} if 1−t0 ≤ d

and{β 7→ 1} otherwise, is an optimal gm-scheduler forΠ on C andDopt ∈ TP(C )∩
TTP(C ) as it depends only on the delay of the last transition.

For Π , D′ is an optimal gm-scheduler onC if D′(s0
α,t0−−→ s1, ·) = Dopt(s0

α,t0−−→ s1, ·)

as before andD′(s0
α,t0−−→ sα

0
α,t1−−→ s1, ·) = {α 7→ 1} if 1−t0−t1 ≤ d and{β 7→ 1} other-

wise. Note that by definition,D′ = Dopt andDopt ∈ TTP(C ), whereasD′ /∈ TP(C ) as

anyTP(C ) scheduler is independent oft0. For historyπ = s0
α,t0−−→ sα

0
α,t1−−→ s1, the best

approximation oft0 is the expected sojourn time in states0, i.e. 1
E(s0,α) . For the induced

schedulerD′′ ∈ TP(C ), it holdsD′′(s1, t1) 6= D′(s0
α,t0−−→ sα

0
α,t1−−→ s1) almost surely. But

asDopt is optimal, there existsε > 0 such thatPr
ω
ν,D′′(Π) = Pr

ω
ν ,Dopt

(Π)−ε. Therefore

sup
D′′∈TP(C )

Pr
ω
ν ,D′′(Π) < Pr

ω
ν ,Dopt

(Π) = Prω
ν ,Dopt

(Π) = sup
D∈TP(C )

Prω
ν ,D(Π).

For TAHOP, a similar proof applies that relies on the fact that local uniformization
changes the number of transitions needed to reach a goal state. ⊓⊔

This proves that by local uniformization, essential information for TP and TAHOP
schedulers is lost. In other cases, schedulers fromTAH andTAHOPgain information
by local uniformization:

Theorem 5. There exists CTMDPC = (S ,Act,R,ν) andΠ ∈ FPathsω (C ) such that

sup
D∈G(C )

Prω
ν ,D(Π) < sup

D′∈G(C )

Pr
ω
ν ,D′

(
extend(Π)

)
for G = {TAH,TAHOP} .

Proof. Consider the CTMDPsC andC in Fig. 1 and Fig. 5(a), resp. LetΠ be the time-
bounded reachability property of states3 within 1 time unit and letΠ = extend(Π).
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Fig. 6.OptimalTAH-schedulers for time-bounded reachability.

We prove the claim forTAH: Therefore we deriveD ∈ TAH(C ) such thatPrω
ν ,D(Π) =

supD′∈TAH(C ) Prω
ν ,D′(Π). For this,D(s0) = {α 7→ 1} must obviously hold. Thus the only

choice is in states1 for time-abstract historys0
α
−→ s1 whereD(s0

α
−→ s1) = µ , µ ∈

Distr({α,β}). For initial states0, Fig. 6(a) depictsPrω
ν ,D(Π) for all µ ∈ Distr({α,β});

obviously,D(s0
α
−→ s1) = {β 7→ 1} maximizesPrω

ν ,D(Π). On C , we prove that there

existsD′ ∈ TAH(C ) such thatPrω
ν ,D(Π) < Prν,D′(Π): To maximizePr

ω
ν ,D′(Π), define

D′(s0) = {α 7→ 1}. Note thatD′ may yield different distributions for the time-abstract
pathss0

α
−→ s1 ands0

α
−→ sα

0
α
−→ s1; for µ ,µc ∈ Distr({α,β}) such thatµ = D′(s0

α
−→ s1)

and µc = D′(s0
α
−→ sα

0
α
−→ s1) the probability ofΠ underD′ is depicted in Fig. 6(b)

for all µ ,µc ∈ Distr({α,β}). Clearly,Pr
ω
ν ,D′(Π) is maximal if D′(s0

α
−→ s1) = {β 7→

1} andD′(s0
α
−→ sα

0
α
−→ s1) = {α 7→ 1}. Further, Fig. 6(b) shows that with this choice

of D′, Pr
ω
ν,D′(Π) > Prω

ν ,D(Π) and the claim follows. ForTAHOP, the proof applies
analogously. ⊓⊔

6 Delaying nondeterministic choices

To conclude the paper, we show how local uniformization allows to derive the class of
late schedulerswhich resolve nondeterminism only when leaving a state. Hence, they
may exploit information about the current state’s sojourn time and, as a consequence,
induce more accurate probability bounds than gm-schedulers.

More precisely, letC = (S ,Act,R,ν) be a locally uniform CTMDP andD a gm-
scheduler onC . ThenE(s,α) = u(s) for all s∈ S andα ∈ Act (cf. Def. 7). Thus the
measuresηE(s,α) in Def. 3 do not depend onα and we may exchange their order of
integration in (1) by applying [10, Thm. 2.6.6]. Hence for locally uniform CTMDPs let

µD(π,M) =
∫

R≥0

ηu(π↓)(dt)
∫

Act
D(π,dα)

∫

S

IM(α , t,s′) P(s,α ,ds′). (7)

Formally, (7) allows to definelate schedulersas mappingsD : Paths⋆(C )×R≥0 ×
FAct → [0,1] that extend gm-schedulers with the sojourn-time inπ↓. Note that local
uniformity is essential here: In the general case, the measures ηE(s,α)(dt) and a late



schedulerD(π, t,dα) are inter-dependent int andα; hence, in Def. 3,µD(π, ·) is not
well-defined for late-schedulers. Intuitively, the sojourn timet of the current states de-
pends onD while D depends ont.

s1

s2 s3

s4
α,2

γ,1

γ,1

α,1β ,3

β ,1

Fig. 7.Example.

Let LATE andGM denote the classes of late and gm-
schedulers, respectively. For allΠ ∈ Pathsω(C ):

sup
D∈GM

Prω
ν ,D(Π) ≤ sup

D∈LATE
Prω

ν ,D(Π) (8)

holds asGM ⊆ LATE. By Thm. 3,TTP andTAP preserve
probability bounds; hence, late-schedulers are well-defined for those classes and yield
better probability bounds than gm-schedulers, i.e., in general inequality (8) is strict:
Let C be as in Fig. 7 andΠ be timed-reachability fors3 in 1 time unit. Then
supD∈GM Prω

ν ,D(Π) = 1+1
2e−3−3

2e−1. On the other hand, the optimal late scheduler
is given byD(s1, t, ·) = {β 7→ 1} if t < 1+ ln2− ln3 and{α 7→ 1} otherwise. Then
Prω

ν ,D(Π)=1+19
24e−3−3

2e−1 and the claim follows.

7 Conclusion

We studied a hierarchy of scheduler classes for CTMDPs, and investigated their sen-
sitivity for general measures w.r.t. local uniformization. This transformation is shown
to be measure-preserving for TAP and TTP schedulers. In addition, in contrast to TP
and TAHOP schedulers, TH, TTH, and TAH schedulers cannot lose information to op-
timize their decisions. TAH and TAHOP schedulers can also gain information. We con-
jecture that our transformation is also measure-preserving for TTH and TH schedulers.
Finally, late schedulers are shown to be able to improve upongeneric schedulers [6].
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