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Abstract

This paper introduces a new model to reason about systems composed by ertities that can
refer to each other via pointers, such as objects in an object-based system. The model,
basedon History-Dep endernt Automata, treats particular casesof unboundednesshy a special
layered mechanism of abstraction. As an application, in this paper the model is used to
de ne the semartics of a simple language dealing with dynamic allocation and deallocation
of entities and pointers. Furthermore, the paper preserts a temporal logic that allows to
expressproperties for such systemsand that is particularly focussedon the way ertities refer
to each other. Finally, a sound (but not complete) model cheding algorithm for the logic is
preserted.
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1 Intro duction

Pointers (references)are a powerful programming mechanism. They are very exible but at the
sametime error prone dueto the so-calledcomplexity of pointer swing[8, 12] resulting from aliasing:
apparertly unrelated expressionanay be altered by the assignmem to an ertit y in memory referred
to by more than onepointer. It is dicult to cortrol and to reasonabout this phenomenon. Run-
time safety violations (e.qg., dereferencingnull or disposedpointers) easily arise and their detection
cannot be ensuredby type systems. Although the advert of object-oriented languageshas limited

the use of pointers (at least at the programming level), the possibility for an object to refer to
other objects is still presert in any practical object-oriented model describing interactions among
objects. For example, proper conceptsof object-orientation such as object composition reducesto

referencesbetween objects. Thus, for reasoningabout object-oriented systemsit is indispensable
to be able to reasonabout the way objects refer to eac other.



In order to capture essetial information of systemsdealing with references,we introduce a
logic, called Na™ TL, whoseprimitiv esaddressdynamic allocation and deallocation of ertities and
their dynamic pointers. Typical properties expressiblein Na™™ TL are, for example:

in object-oriented systems:

{ every object reachablefrom a particular object will be eventualy deallocated.
{ objects 0, and o, belongto disjoint lists.

in security: no untrusted agentwill havea reference to a secret datum.

Along the line of the model cheding algorithm de ned in [6], in this paper, we de ne another
algorithm that chedkswhetheraNa™ TL formula is not satis able in a givenmodel. This algorithm
is basedon the construction of a tableau graph [9], however in this particular casedue to a more
sophisticated abstraction which allows to describe rather expressive models, the algorithm may
produce false counterexamples.

The modelswe proposein this paper are an enhancedversion of High-level Allo cational Bechi
Automata (HABA) de ned in [6] that in turn are basedon History Dependert Automata [11].
Besidesthe ability to describe the dynamic allocation and deallocation of ertities typical of HABA
(and HD-automata), the extensionwe discussheredealswith references(pointers) betweenertities
that are alive in the samestate. From state to state, referencescan be created, removed and
modi ed: i.e., the model describesdynamic topological structures of alive ertities.

In order to achieve nite-state models, we propose an abstraction that is able to deal with
somekind of unbounded systems. In HABAs we use a special classof ertities that model nite
but unboundel chains of \concrete" ertities. Our unbounded ertities are somehav a specialisation
(to chains) of what in the literature is known as summary node [13]. Unbounded ertities provide
HABAs with the capacity to describe, by a singlestate, anin nite number of topological structures
that can be represerted at di erent level of abstraction. A precisecharacterisation of the relation
betweenthe di erent levelswill result in the notion of morphism.

We show that HABAs with referencescan be usedas a mathematical model for the de nition
of the sematrtics of a simple languagewith basic object-basednotions sud as object creation, and
navigation. For this languagewe de ne two semartics: a concreteone,that is in nite state and a
symbolic onethat is nite state. The relation betweenthe two semartics is then studied.

This paper is organisedas follows: in Section 2 the syntax and semartics of Na™” TL is de ned; in
Section 3 we introduce ABA and HABA with referencesas well as the notion of morphism and
an enhancedversion of reallocation. Then, in Section 4 we study how to relate ABA and HABA
with references.The programming languageis de ned in Section5 and its operational semartics
in Section 6. The model cheding algorithm is givenin Section 7. Finally, we concludethe paper
with an overview of other techniquesusedfor the analysisof pointer structures (Section 8). Proofs
are reported in the appendixes.

2 A logic for navigation

In this section,we will enhanceA™ TL [6], such that properties about navigation can be expressed.
Navigations are essetially possiblewhen entities referenceead other. In this paper, we restrict

ourselesto the casewhere every entity e has precisely one outgoing reference. This referenceis

de ned for ertity e, if e hasa pointer (denoted by :a), otherwiseit is unde ned. Let LVar be a
(countable) set of logical variables.

Denition 2.1. Let x 2 LVar. The syntax of Na™" TL is de ned by the following grammar:

( 2)Nav nil jxj :a

= ] newj JOX: i



We refer to elements of the set Nav as navigation expressions For instance, the expressionx:a
denotesthe entity referred to by the entity denoted by x (if any). Similarly, x:a:a denotesthe
erntity referred to by x:a. The sux of a navigation expressioncan be arbitrarily long, therefore
we can specify lists of unbounded length. We write x:a" (n 2 N) asa shorthand for x followed by
n successie pointers, that is formally:

x:a° X
x:ah*t (x:a"):a
Formula new holds if the ertity denoted by is fresh in the current state, i.e., the ertity
denoted by  did not exist in the previous state of the computation. Formula ; = » holds if
expressions ; and , are aliases(i.e., they denote the sameentity) in the current state. The
predicate ; 2 (read 1 reaches , or i leads-to ;) meansthat from the ertity denoted
by 1 there exists a referencepath reading the erntity denotedby , (i.e., 1:@“ = 5 for some
k > 0). As known in the literature, readability is not a rst-order graph property [4] therefore
the operator ; provide Na™~ TL with somesecondorder capabilities.
Besidesstandard LTL abbreviationslike G, F throughout this paper wewrite  deadfor = nil,
alivefor: ( dead,and 1 = ,for:( 1 2).

2.1 Semantics

Let Ent be a countable universe of ertities ranged over by e;e%e;;:::. Na  TL formulae are
interpreted over in nite sequencesf sets of ertities and mappings de ning information about
mutual referencesof ertities.

Let ? be a special value such that ? 2 Ent. ? is usedto represert unde ned. For a setE we
write E? = E[ f2g .

De nition  2.2. An allocation seqguen@ isanin nite sequencef pairs (Eo; o)(E1; 1)(E2; 2)
wherefor i 2 N:

E; Ent
i tE7 ! E? suchthat (?)= 2.
Function ; givesthe referenceof the entity pointed to by its argument. Each ; is strict.

Let :LVar ! Ent’ be a valuation of the logical variables. The semartics of the navigation
expression is givenby []:Nav (Ent” * Ent’) (LVar ! Ent’)! Ent dened as:

[nil]. = ?
[x1. = (X
[al. = (@1 )
Let "= (Ei; i)(Ei+«1; i+1) . Foragivenallocation sequence ,let E; and , denotethe rst

and the secondcomponert in the i-th state of , respectively. The semartics of Na™* TL is de ned
in terms of the satisfaction relation ;N; F , where isan allocation sequenceN E, is the
set of ertities initially newand is a valuation of the free logical variables of the formula
Let N, Ent (i.e., ? 2 N;) denote the set of new ertities in state i, de ned asN, = N and
N;,; = E;;yNE; . Let , :LVar ! Ent’ bea valuation of the logical free variablesin state i (of
) where:
(x) if8k6i: (X)2E,

() = ? otherwise.

Note that once a logical variable is mapped to an entity, then this assaiation remains along
unlessthe ertity dies, i.e., is deallocated.



The satisfaction relation F for Na™ TL is de ned as follows:

Ny Foa= 2 0 [, =021,
iN; FE  new i |[]|0;2N
N, F o1 o 0 9k>0:( X4l )= 2],
N, | 9x: i 9e2Ey: ;N; fe=xgF
A\ [ 'N; 2
N, i either ;N; F or ;N; F
N, F X i BNy F
'N; F U i 9i:( 5Ny F and8 <i: INg; o F )
Note that the proposition ; 2. is satised in case[ 2] o = ? and [ 1] ,; can reach an
ertity with an unde ned pointer.
Example 2.3. In Table 1 are reported someexample properties expressiblein Na™ TL. O
The expressionsx:a:a and y:a eventually
will becomealiases F(x:a:a = y:a)
If x1:a” and x;:a are aliases,the entit y assaiated to y is
deallocated before x1:a? and x»:a are not aliasesanymore | G(x1:a? = x»:a” yalive) (x1:a2 = xz:aUy dead)
Eventually, v will point to an entity
in a non-empty cycle FOx:x6 vrx Vv~Av X)
Variables v and w always point to disjoint
parts of the heap (non-interfer ence) G(8x:v x) w = X)
Every entit y reachable from v will be
eventually deallocated 8x:(v x) Fxdead
All and only the ertities currently reachable (8x:v x) Fxdeag”
from v will be eventually deallocated (8x:v = x) Gxalive
v's list will be (and remains to be) eventually reversed 8x:8y:(v x~"xa=y)) FGy:a= x)
A tautology x:a alive) x alive

Table 1: Someexample properties expressiblein Na™ TL.

3 ABA and HABA with references

Throughout this paper, let M 2 N be a global constart, M = f1;:::;;Mgand M = M| fg
where is a special distinguished symbol.

We now introduce the concept of cardinality which is the base of the abstraction medanism
we will develop (and use) throughout this paper.

Denition 3.1. Let E Ent. A function G : E! M is called cardinality function (on E).

A cardinality function Gz assaiates to every ertity in E a number (6 M) or the special
symbol . Ge(e) = k 6 M meansthat the cardinality of e is preciselyk. CGz=(e) = meansthat
the cardinality of e is somenatural number larger than M. If the setE is clear from the context
we simply write C for Cz.

Denition  3.2. The unitary cardinality function on E is the cardinality function 1g :E! M
such that 1g(e) = 1foralle2 E.

We needto de ne the sum on cardinalities:

n+m ifnym2f0;:::;;Mgandn+ m6 M
otherwise.



We lift the notion of cardinality to setsof entities asfollows: if E  Ent then

P
AE) = e A8):

P
The notation  standsfor a sum that usesthe operator de ned above instead of the standard
sum on N. Moreover, for n 2 N let

n ifné M

dnev = otherwise.

The global constart M is mostly xed and therefore if no confusion arise we will not indicate it
explicitly and we write dneinstead of dney . The cardinality function imposesa distinction among
ertities. For the sake of exposition, in this paper, we identify three dierent classes:

concrete entities: those with cardinality one;
multiple entities: those with cardinality neither 1 nor ;

unbounded entities: those with cardinality

For asetof ertities E, wewrite E for the subsetof its unboundedertities, i.e., E = fe2 EjG(e) = g.
Boundd ertities are either concrete or multiple.

3.1 Morphisms

A conguration = (E;; G) represens a weighted directed graph where E  Ent is the set of
nodes, de nes the set of arcs, and G= represernts the weights assaiated to the nodes. Figure 1
depicts three con gurations asweighted graphs: 3, » and 3. Circlesrepresen concreteertities.
Filled circlesrepresens multiple/un bounded ertities. Numbers (or stars) assaiated with ertities
denote cardinalities.

Multiple and unbounded ertities provide us with the possibility to abstract from speci ¢ por-
tions of the graph (con guration) thus obtaining a more compact represenation of the original
graph. In this chapter, we apply the following abstraction:

multiple and unbounded ertities represen chains of more concrete (i.e., with lower
cardinality) ertities.

The length of the chain represeried by a multiple ertity e must be consistert with the cardinality
of e. Unbounded entities represen chains of arbitrary length strictly larger than M . For example,
in con guration 1 depicted in Figure 1, entities e3, es and e; are not concrete. In 5, e3 has
been replaced by the chain of ertities € and € Since C,(e) = 2, this is the only allowed
concretization. We say that , is a more concrete con guration than 1, or symmetrically, 1
is more abstract than ». Moreover, the other di erence between ; and , isthat e; in 1 is
replaced by the chain composedby € and €2°in ,. If we think of e; as a chain of arbitrary
length (larger than M), this processcorrespondsto splitting this chain into a chain of arbitrary
length (i.e., €9) followed by a concreteertity (i.e., €9. This phenomenonis sometimesknown in
the literature as materialisation [13]. Note that we can split e; in in nitely many ways. Any of
such splitting yields a graph with a di erent level of abstraction than the original one. The level
of abstraction dependson the number of abstract/concrete ertities used. In the gure, the three
di erent abstraction levels are represerted by planesof con gurations. Thus, » is more concrete
than ;. Con guration 3, whereertity es of , hasbeenreplacedby the chain consisting of €2,
e’ es, and e2%9is more concretethan , (and thereforethan ).

There exists an intimate relation among i1, > and 3. Any of these con gurations can be
obtained by the other by replacing someunbounded/multiple ertities by a chain of more concrete
onesor vice-versa by replacing chains of ertities by more abstract ones. These considerations
emphasisethat thesecon gurations represer the same pointer structure but at di er ent levelsof
abstraction.

In this section, we try to give a general characterisation for such a relation between con gu-
rations (i.e., samepointer structure but di erent abstraction level) that will result in a notion of
graph abstraction that we call, adopting categorical jargon, morphism.



concretisation

concretisation

abstraction

abstraction

Figure 1: A pointer structure and someof its di erent levels of abstraction.



Preliminary  notation.  Throughout this paper, let

Conf = 28" (Ent* Ent) (Ent* M) (1)
be the set of all con gurations ranged over by . In the context of a con guration (E; ; O, it
is sometimescornveniert to considerinstead of , the relation E E inducedby . This is
de ned as

=f(e; (e)je; (e 2 Entg:

Note that (?;?);(e;?);(?;e) 2 for any e2 Ent. We write e e as shorthand for (e;e%) 2
Furthermore we will freely interchange(E; ; C) and (E; ;C).
For e 2 E, let indegree(e) = jfe’j (e%€) 2 g j. A sequenceof E's elemens e;;:::;¢g is a

consisting of only one elemert are pure. Moreover, let E° be a chain such that E¢ E?. Then,
by the de nition of ,if ? 2 E%then EC= f2g . In the following, let  be the re exiv e closure of
,i.e, = [ f(eje)je2 Eg.
The next de nition de nes our notion of graph transformation.

Denition  3.3. (morphism) Let ;= (E1; 1;,G), 2= (E2; 2;G) betwo con gurations. A
morphism h from ; to , is a surjective function h: E; ! E; such that:

1m. 8e2 E; : h (e) is a pure chain;

2m. 8e;e’2 Eo:e ,€°) last(h 1(e)) 1 rst (h 1(&9);

3m. 8e;e’2 E;:e 1€°) h(e) 2h(e9;

4m. 8e2 E, : G(e) = Gi(h 1(e));

Wewrite h: 1 ! ,or 1 h 2 if h is a morphism from ; to ».

Condition 1m allowsto abstract only pure chains of entities by a singleertity. A single elemen
is a chain of length 1. We require a chain to be pure in order to maintain the branching topology
of ;. Conditions 2m and 3m presene the dependency of the ertities when going from ; to ».
Condition 4m requiresthat the sum of the cardinalities of ertities mapped onto the sameelemen
e must be equal to the cardinality of e.

The existence of a morphism between two con gurations ensuresthe correspondenceof the
abstract shape of the graphs represeried by the con gurations. The correspondenceis up to a
certain degreeof abstractnessgiven by the morphism itself.

Example 3.4. For the con gurations in Figure 1, there existsa morphismhy; : , ! 1 dened
as:hp; fep;€1;€r;€4;65,€5,€8,€99 = id and

ho1(€3) = &5 ho1(€)) = &5
ho1(€9) = 7 hp1(€9) = e

Moreover, there exists a morphism hs, : 3 | , dened as:
ha2 feoser; ;63 el es; e 6); e eg; 000 = id

and
ha2(es) = €5 hgp(el) = &5 hz(€dY = &5 hgp(e2%f = es:

1From now on, for a triple (E; ; C) it is clear that the domain of Cis E.



Prop osition 3.5. For a con guration there exists a morphism, called identity morphism, id
! denedbyid (e) = eforalle2 E .

Proof. It is straightforward to verify that id satis es all the conditions of Def. 3.3. O

De nition  3.6. Giventwo morphismsh: ; ! ,andh®: , ! 3, the composition h® h:
1 ! 3zisdened by (h° h)(e) = hqh(e)) foralle2 E ,.

The composition of two morphismsis also a morphism as stated by the following:
Prop ositon 3.7. If h: | %andh®: © 1 thenh® h: 1 0
Proof. It canbe veried that h® h satis es all the conditions of Def. 3.3. O

Propositions 3.5and 3.7 imply that the set of con gurations equipped with morphisms forms
a category.

Example 3.8. We cande ne the morphismhs; : 3 ! 1 using the morphismsin Example 3.4
as h31 = h21 h32. O
Denition  3.9. Morphismh: 1 ! 5 isanisomorphismif and only if there exists a morphism
ho: , I 1sudithat h® h=id ,. In this case,his the inverseof h and h is the inverseof h°.

If there existsan isomorphismbetweencon gurations 31 and ;, wesay that they areisomorphic
and write 1= ».
3.2 Allo cational Buchi Automata

Allo cational Buchi Automata are basically generalisedBeichi automata whereto ead state a set of
entities and a relation betweenertities are assaiated. Theseertities, in turn, serve asvaluations
of logical variables and the referencesas valuations for the navigation expressions.

De nition  3.10. An Allocational Buchi Automaton (ABA) A is atuple hX;Q;E;! ;1;Fi, with
X LVar a nite setof logical variables;
Q a (possibly in nite) set of states;
E:Q! Conf afunction yielding for eat state g a con guration ¢ = (Eq; q;1g,)-
I Q Q atransition relation;

| :Q* 2B (X * Ent) a partial function yielding for every initial state g2 dom(l) an
initial valuation (N; ), whereN E, is a nite setof ertities, and : X * Egq is a partial
valuation of the variablesin X;

F 29 asetof setsof acceptstates.

Notational corvertions: we write (g;N; ) 2 | for I(g) = (N; ) and q! o for (q; ) 2 !
and ¢ for E(d) = . We adopt the generalisedBechi acceptancecondition, i.e, = L&
isarun of ABA Aifg! g+, foralli2 Nandijfijg 2 Fgj="! forall F 2 F. Let runqA)
denotethe setofrunsof A. Run = o1 is said to accept the (unfolded) allocation sequence

= (qu; C]o)(ECh; CI1)(EC]2; Q2) . Let
LAA)=f(;N; )9 = qpxue 2rungA): accepts andl(qp) = (N; )g:

Note that every con guration in an ABA hasthe unitary cardinality function. Thus, every ertit y
in an ABA is concrete.



Notation on morphisms.  The introduction of Q makesit corveniert from now on| both for
ABA aswell asfor HABA (cf, De nition 3.21)| to talk about morphismson states. In that case,
we intend to referto morphismsactually de ned on the con guration assaiated with those states.
Therefore, in the rest of this paper we will freely interchange between states and con gurations
writing thenh:q ! ®forh: 4 ! pandq ™ o°for "

3.3 Reallo cations and HABAS

The HABAs that we will de ne in this section are intended to be used as semartical models
for programming languages. The execution of statemerts is re ected in these automata by some
modi cation on the structure of the graph de ned by a (con guration of a) state. Therefore, from
state to state, the abstract shape of the graph is only presered for those parts not involved in the
execution of the statement. In particular, modi cations in the structure arise because:

i. ertities may be allocated or deallocated (e.g., becauseof somecreation/deletion medanism
of the languagesud as newin Java and delete in C++);

ii. from state to state somereferenceg(pointers) betweenertities may change (e.g., becauseof
assignmeits);

ii. furthermore, multiple or unboundedentities may be disassenbled into seweral ertities, giving
a more concretestructure.

The rst two casescorrespond to real changesin the structure of the con guration, whereasthe
third casecorrespondsto a change of represenation of the con guration in terms of the level of
abstraction.

€o €1 €o €1
e 0 OOQ\
€ e3 " O €3 € 4
Oo—0 5 5
2
00
€6 7 €g 7

No

€9

Figure 2: Two (con gurations of) states not related by a morphism.

Example 3.11. Consider con gurations ¢ and § in Figure 2. They resenble con gurations
1 and ; of Figure 1: in particular, ¢ is the sameas con guration ;, whereas 9 is a slight
modi cation of . Con guration 2 is obtained from ? by the following alterations:

replacing the referencebetweeney and e; by the referencebetween ey, and e4. This may
re ect the execution of an assignmet.

Entity eg doesnot exist in . This may re ect execution of a del statemert.

Entities €] and eJ°are materialised from e;. This usually is not a direct consequenceof the
execution of a statemert. Howewer, it can be consideredas a kind of rearrangemert of the
shape of the con guration that can be useful in particular situations (cf. the assignmen
rule of the symbolic semartics in Section 6.4).

Note that there does not exist a morphism between { and 9 becausethe two graphs do not
represen the samepointer structure. O
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These considerations show that, between states related by a transition in the automaton,
we need a weaker notion of correspondencethan the one de ned by a morphism. Namely, the
correspondencemust be only partial, in the sensethat we might have only correspondence of
a subgraph but not of the complete graph. Moreover, in order to faithfully model modi cation
i ), for every entity in a state we needto assaiate possibly more than one entity of the other
state. This wealer notion of correspondenceis captured by the de nition of reallocation that is
introduced below.

Preliminary  notation. GiventwosetsA1, A, andarelaton R A; A, if a2 Ay weindicate
by R(a) = fa°2 A, j (a;a%) 2 Rgand if a2 A, wewrite R *(a) = fa’2 A, j (a%a) 2 Rg. For a
subsetA A, wewrite R(A) =, R(a).

A multiset M of a givenset A isafunction M : A! N. Fora2 A, the imageM (a) is called
the multiplicity ofain M . Wewrite a2 M if M (a) 6 O(anda2 M if M (a) = 0). The sumoftwo
multisets M 1 and M , of A, denotedby M 1+ M ,, isde ned as(M 1+ M )(a) = M 1(a)+ M »(a)
for all a2 A.

Moreover, given a con guration  we extend to setsthe relation asfollows: let E;E? E?
then

E E°, (E=E°=12g)_(8e2E:9°2E%Nf2g :e €9 2)

We now intro duce the conceptof reallocation that will be essetial throughout this paper.

Denition  3.12. (reallo cation) Let (E1; 1;G), (E2; 2;G) be two con gurations. A reallo-
cation isafunction :E; EJ! M sud that

1. foralle2 E; : G(e) = P 22 (e;€9

2. foralle2 E; : G(e) = P €27 (%e)

3. foralle2 E;:jfe"2 Exj (e;e®) = gj6 1andjfe’2 Exj (?;€)= gj=0
4. foralle2 E; :fe"2 EZ j (e;€%) 6 Ogis a chain;

5 foralle2 E;:fe?2 E] j (€%e) 6 0Ogis a chain.

Wewrite  :(E1; 1;G) = (E2; 2,G)or(E1; 1;G) = (Ez; 2;G) if there exists a reallo-
cation from (E1; 1;G) to (E2; 2;G).

A reallocation is a multiset?, with rangeM . Accordingly, wewrite (e;e% 2 if (e;e% 6 Oand
(e;€) 2 if (e;€) = 0. Furthermore, it is often conveniert to treat asarelation overEnt Ent
M . In this case,we write (e;e%n) 2 if andonly if (e;e® = n. Another notation we use (when
corveniert) is: () = fedj (e;e) 2 gand 1(e) = fe’j (e%e) 2 g. Finally we write dom( ) =
feg ? 9”6 ? :(e;e®) 2 gandsymmetrically cod( ) =fe6 ? j9e°6 ? : (e%e) 2 g.

The elemen ? is usedby the reallocations in order to model birth and death. More precisely
the birth of an ertity e 2 E, is modelled by relating it to ?, i.e. (?;e) 6 0. Symmetrically,
models the death of an e 2 E; by relating it to ?, i.e., (e;?) 6 0.

A reallocation allows to change dependenciesbetween ertities, in fact if e 1 e it is not
required that ertities in (e;) precedeertities in (ez) accordingto ; (asis enforcedby the de -
nition of morphism, cf. De nition 3.3). The above de nition requiresthe cardinality of entities in
the sourcestate to be consistert with the multiplicit y of the outgoing arcs(condition 1). Symmet-
rically, condition 2 forcesconsistencybetweenthe multiplicit y of outgoing arcsand the cardinality
of ertities in the target state. Condition 3 is meart to restrict the amount of nondeterminism
derived by unbounded ertities and to avoid the creation of unbounded ertities. The rst part of
this condition can be rephrasedby saying that the unknown cardinality of an unboundedertity e
is reallocated only in another unbounded ertit y e® whereasfor every other entity in  (e)nfe% the
preciseweight is known. By conditions 4 and 5, the image as well asthe inverseimage of ertities
under are chains.

2strictly speaking it is slightly dieren t since it may give multiplicit y to a pair (e;e9).
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Figure 3: Reallocation examples.

Example 3.13. Figure 3 shows two possible reallocations between (con gurations of) states.
Note that De nition 3.12 does not exclude the crossing of relations between ertities from one
state to the other. For example, in the reallocation depicted on the left of the gure part of e;
is reallocated to e, while part of e; (that precedese; ) is reallocated to es (that is precededby
e4). It is alsonot dicult to seethat the (con guration of) statesin Figure 2 are related by a

reallocation. O
Lemma 3.14 (impartialit y). Let ; °betwo con gurations. If = Othen:
8e2E o:( (?;€)60, 8e°2E : (e%¢) =0) (CommonBirth)
8e2E :((e;?)80, (8°2E o: (e;e9)=0). (CommonDeath)

Proof. By contradiction assume(Common Birth) does not hold, i.e., there exists e 2 E o and
e2 E sudithat ?2;e°2 1(e). By condition 5 of the de nition of reallocation, 1(e) is a chain,
but this is impossiblesince ? cannot be related with ertities to form a chain. Symmetrically,

satis es (CommonDeath) sincefor all e2 E by condition 4, (e) is a chain and therefore cannot
cortain at the same? and someertities of E o. O

The previous lemma describe the impartialit y property that a reallocation enjoys w.r.t. birth
and death of ertities (Common Birth) says that if an ertity is born, it cannot be related with
any ertity exceptthan ?. Symmetrically, (Common Death) states that if an ertity dies than
it can be related only with ?. The combination of condition 1 of the reallocation de nition
and (CommonDeath) (and symmetrically condition 2 and (CommonBirth)) forcesto transfer the
complete cardinality of e by (e;?) (and symmetrically (?;e)).

Figure 4. On the left a reallocation violating (Common Birth)/ (Common Death); on the right a
reallocation satisfying both these properties.

Example 3.15. The reallocation depicted on the left part of Figure 4 violates both (Common
Birth) and (CommonDeath). In g, e; hastwo outgoing arcs. One would indicate that part of e;
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dies whereasthe other arc reallocatespart of e; onto e4. Similarly, the two arcs starting from e,
and e; and reaching es denotethat the latter is old . However, the incoming arc from ? indicates
that es represens also somenew ertities. (Common Birth) and (Common Death) state that, by
conditions 4 and 5, a reallocation rules out explicitly thesekinds of ambiguities. The reallocation
on the right part of the same gure satis es (CommonBirth) and (CommonDeath). e; dies by
mapping the complete cardinality onto ? . Similarly es is new sinceits cardinality is all provided
by ?. O

The relation betweenmorphisms and reallocations is described by the following:

Prop osition 3.16. Let ; and ; betwo con gurations. If ; M ,then = 2 Where let
e2E ,ande’2 E ,:
_o_ C.(e ife’=nh(e
(e:e) = 0 otherwise.
Proof. SeeAppendix A. O
De nition 3.17. If | = > and ‘f:o 9 with Co=Cy =1, wesg that 0js a concretion
of , denoted ° , if and only if there exist hy, h, sud that:

1. 9 "rojand 9 Mo,
=)
. . — 0/a0- A0
2. (C1i®) = (een(nu(ednacedy  (€1:€2)

3. (No-Cross)

8e;e°2 E o:hi(e) = hi() _h2( () = ha( A ) (e o€, A& ;5 A&

1

4.8e2E g: (C,(hx(e)) = ) e2cod( 9);

1> 2 Abstract level

hy hz

? e— g Concrete level

Figure 5: Commutativ e diagram for concretion of reallocations.

A concretion %of via h; and h; is areallocation that makesthe diagram depictedin Figure 5
commute. Informally, °can be seenasa reallocation that agreeswith , but that is de ned on a
concreteversionof ; and »,i.e., isde ned oncongurations ?and 9relatedto ;and ; by
morphisms. Condition 4 says that if an entity e is projected on an unbounded onethen e must be
old. This givesa correspondencebetweenthe number of new ertities in , and 9. A reallocation
and its concretions have the samebehaviour in terms of fresh entities (cf. Lemma 3.19). Note
that this condition is necessary In fact, considerthe reallocation represered in Figure 6 assuming
that M = 2and C ,(e;) = C,(e2) = . Wehave ° , and although eg 2 h, *(cod( )), it is
new. This circumstanceis ruled out by condition 4. Condition (No-Cross)preverts the concretion
to changethe order of ertities that are mapped onto a multiple/un bounded ertity or that have
as image the samemultiple/un bounded entity. In fact, since a multiple or an unbounded ertity
correspondsto a chain we want that the order of the concreteertities corresponding to this chain
is not modi ed after the reallocation. For example, in Figure 7 (left), ©is a concretion of the
reallocation in the right part of Figure 3, whereas % (right) is not sinceit violates (No-Cross)
In particular in Figure 7 (right) , entities e2; e2% e2®%are mapped on the sameabstract ertity es.
Howevwer, their order does not correspond to the order of the (concrete) inverseimage €9; €3; €3°

13



Figure 6: Incompatibilit y betweennew ertities of the symbolic w.r.t. the concretelevel.

Figure 7: Concretions prevent reshu ing of ertities in the concrete states.
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Vice-versa, the order of the image of €; e°doesnot correspond to the order of their image e2°%nd
e. The samephenomenonoccurs for €3%° €3, e2 and e2°

A consequencef constraint (No-Cross)is that given an abstract eriity e2 E |, its assaiated
concreteertities | i.e., all the elemers of the set h; 1(e) | enjoy a common fate: either all of
them survive the reallocation or all of them die. This fact is formalised in the following:

Lemma 3.18 (common fate). If ;= , and f:o 9and © | then
8e2 E, :8%e2h, e : () =1frg , 9% =1f2g):

Proof. By cortradiction. Assumethere exist €%e°2 h, 1(e) such that %€ = f2g and %Ye% =
feg 6 f2g . We can choosee’e®such that e° o e®or e® o €% Assumee® , €% By
(No-Cross) sinceh;(€9) = hi(e’) = eand €® o it follows %€ o %€ which | by (2) |

implies that ? o ethat is impossible. On the other hand, assumee 0 0 e’ that by (No-Cross)
implies %e%) o %e"). But then by (2) there must existsae®?2 E o\ %€’ suchthat e o e
But again this is a cortradiction becauseE o\ %€ = ?. O

Note that the property of common fate does not hold in absenceof (No-Cross) The reason
hasto be sought amongthe large variety of consequenceyielded by unboundedentities. Consider

Figure 8: Oviolates the common fate property.

Figure 8, and assumeM = 2. Since (e;;e) = , the secondcondition of does not reveal
that e; is deallocated because (e3;€7) (e4; €3) (es;e9) = . Howewer, °doesnot satis es
(No-Cross)becausees o & but ¥es) o 9Ues). Therefore and ©do not have the same
behaviour w.r.t. deallocation of entities related by morphisms.

Lemma 3.19. If ;= , and ‘f:o and © via h; and h, then:
a) E gncod( 9 = h,*(E ,ncod( ))
b) E, cod( ).
Proof. SeeAppendix A. O

The relation is neither re exiv e nor symmetric, but, it is transitiv e:

00

e . 0
Lemma 3.20 ( transitivit y). Letu= @, = of andg®= % Then:

(OO 0 A 0 )) 00

Proof. SeeAppendix A O

We are now in the position to de ne the enhancemen of HABAs able to deal with pointer
structures.

15



De nition  3.21. A High-level ABA (HABA) with referencedH is atuple hX; Q; E;! ;I;Fi with
X, Q, F asin Def. 3.10,and

E : Q! Conf a function that assaiates to ead state g 2 Q a conguration ¢ =
(Eq; q;QEq)-

I Q (Ent Ent* M) Q,suchthatifqr o’then q= .

| :Q* 2B (X * Ent) a partial function yielding for every initial state q 2 dom(l)
an initial valuation (N; ), where N (EqnEq) is a nite set of (bounded) ertities, and
: X * Eqis apartial valuation of the variablesin X;

Whereasin an ABA state we only have concrete ertities, this is no longer true in a HABA:
the corresponding enforcing condition on the cardinality function of con gurations (of an ABA)
is now relaxed. The condition N (EqnE,) on the initial state is neededsince we want to keep
track of the number of new ertities in every state.

Sometimesit is useful to specify, the preciserange of the cardinalities usedin a given HABA
H. We write C(H) = M if M is the global upper bound on the cardinality of the ertities, i.e., if
forall g2 Qu, cod(G) M .

Example 3.22. Figure 9 shows an example HABA with references. It models a system where
at every step either an erntity is created or deallocated. Creation/deletion follows a LIF O policy
(i.e., the system modelled is a stadk). From state to state there are two transitions: one with
a dashedreallocation that models creation (and insertion in the stadk), and a transition with a
dotted reallocation that models the deletion (and extraction from the stack). For example, in
state gz, erntities that are created are accunulated in e, (following the dashedreallocations). The
dotted reallocation extracts ertities by splitting e, and remapping it on e; and e, respectively.
Entity e; is not remapped and therefore deallocated. The system starts with only one ertity in
the initial state qu. The accept state is ¢, therefore the automaton models a system in which
every computation hasin nitely many times a stack with two ertities. O

Figure 9: Example HABA with referencesmodelling a stack.

HABA with referencesare usedto generatemodelsfor Na™ TL.

Denition  3.23. A foldad allocation sequene is an in nite alternating sequence
(Eo; 0:1g,) o(E1; 1:1Ey) 1
wherefori > 0, (Ei; i;1g,) = (Ei+1; i+1:1le.., )

Note that becauseof the unitary cardinality functions, in the previous de nition, ; (i > 0)
may assiate at most oneertity in Ej+; to anentity in E;. Another consequencés that folded al-
location sequencesan be usedtogether with to obtain an alternativ e semartics for Na™™ TLdenoted
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by ¢ . This is done by giving a new de nition for N; and ; (de ned in page4) as follows. For
an allocation triple ( ;N; ) let:
N ifi=0

Ni = E; ncod( ; ;) otherwise. 3)

_ ifi=0
P i1 1 otherwise )
where the composition betweena (concrete) reallocation (E; ; 1g) = (E% %1go) and a valua-

tion of the logical variables " is given by:

"x)= ¢ if "(x)6 ? and ("(x);e)=1
? otherwise.
The semartics given by ¢ is equivalent to F,, hencefolded and unfolded allocation sequences
are equivalent modelsfor Na™~ TL (the readeris referred to [5] for details).
Runs of a HABA generatefolded allocation sequencesThe correspondencebetweenallocation
triples and runs of HABA is given in terms of morphismsin the following de nition.

De nition  3.24 (generator). Arun = op 1 OfHABA H = hX;Q;E;! ;I;Fi geneates
an allocation triple ( ;N; ), where = 4 4 1 1 is a folded allocation sequenceijf there is a
geneator, i.e., a family of morphisms h; from ; to  satisfying for all i > O:

1 i via h; and hj1 ;

2. 1(m) = (N%hg ) andN = hy*(N9;

By condition 1, the morphism in the generator must presene the reallocations in the run. In
particular, ; is a concretion of ; (for i > 0). Condition 2 imposesa correspondencebetween
the set of initial ertities and the interpretation of the logical variablesin the state g, and the rst
state of the allocation sequence.

Runs of a HABA are de ned in the sameway asfor ABA. Let rungH) denote the set of runs
ofHandL(H)=f( ;N; )j9 2rungH): generates( ;N; )g.

4 Relating HABA and ABA

In this section, we study how to relate ABAs and HABAs with referencesw.r.t. their generated
languagesand, therefore, the set of Na™™ TL-form ulae that they satisfy. First of all, we introduce
a simulation preorder (denoted v ) betweena HABA and a concrete one (i.e., a HABA where
ewvery ertit y is concrete). The intuition behind v is that whenever H v H®, then H? can simulate
all behaviours of H, but the conversedoes not necessarilyhold. That is, H° may exhibit more
behaviours than H.

Deniton 4.1. Let H = hX;Q;E;! ;I;Fi such that C(H) = Land H= hX;Q%E% %I%FQq.
1. A binary relationv  Q (Ent * Ent) QUis a simulation if and only if for all gy v, ¢f
it holds:
aaq "o

b) if ! @ then 9 %h, sud that

) B! o " RVh, G
i) Ovia hy, hy

2. HsimulatesH (written H v HO9 if and only if there exists a simulaton v. = Q (Ent *
Ent) Q°sud that:
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a) for all g2 | there exists°2 1%and h with 19¢% = (N;h ) sud that:
{ qvn ®and
{ 1(@=(h *(N); );
b) there exists a bijective :F ! FOsud that
8F 2F : (892 F : (9¢°2 (F);9h:qvh q?).

Hence,a state q° simulates q if they represen the samepointer structure (condition 1.a). Every
transition of q can be simulated by o with a proper transition whosereallocation is a concretion
of the reallocation of the transition of g. The target states simulate eact other and (becauseof

) have a corresponding set of new ertities (condition 1.b).

The secondpart of the previous de nition species when a HABA simulates another one.
Condition 2.a) requiresthat every initial state in H hasa corresponding (simulating) initial state
in HO and there is correspondencein the initial valuation. Condition 2.b) says that every accept
state in g2 F 2 F is simulated by an acceptstate g2 F°2 FO% The bijective function  enforces
that every F°2 FCis consideredsothat the generalisedBechi acceptancecondition of H is ensured
to existsin HC

Example 4.2. The HABA H depictedin Figure 10 (left) modelsa FIF O queue. In the initial state
thereis only oneertity. At every step either a newertit y is createdand enqueued(transitions with
dashedreallocations), or the systemnondeterministically performs a step wherethe rst ertity of
the queueis extracted and deallocated (transitions with dotted reallocations). H is in nite-state
sincethe queuecan grow unboundedly. The HABA H° (where C(H9 = 2), depicted on the right
side of the gure, simulatesH. O

Figure 10: A HABA simulating the onein Figure 10

The comparison between HABAs and ABAs involvesalso a notion of isomorphic folded allo-
cation sequences.The conceptis introducedin the next de nition.
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De nition  4.3.

Two folded allocation sequences 1; , are isomorphic (written ; = ) if there exists a
family of isomorphisms(h;)i2n such that for all i > 0,

1ohit qfi] v 2fi]
2. 7 i 2 via hj; hiyg .

Twoallocation triples ( ;N; )and( %N% 9 areisomorphic (written ( ;N; )= ( 4N% 9)
if = 9 dom()=dom( 9, N°=hg(N)and °= hg

Isomorphic allocation triples are the same up to renaming of ertities. It is therefore not
surprising that they satisfy the sameset of Na™* TL formulae, as stated in the next result.

Prop osition 4.4. For Na TL formula and folded allocation sequence ; %

(GN:)=CONS ) (N F i ONT %R )
Proof. Straightforward by induction on the structure of . O

The next important proposition statesthe relation betweenthe languageof HABAs related by
a simulation relation.

Theorem 4.5. If Hv H%then L(H) L(HO9.
Proof. SeeAppendix A. O

H describes more behaviours of H, or equivalently we can say that, H° models spurious be-
haviours that are not actually presert in the concretesystemat hand. Nevertheless,the de nition
of simulation provides a meansto compare di erent models w.r.t. the satis abilit y of Na™ TL
formulae.

De nition 4.6. Givena HABA H and a Na™ TL-formula we say that:
is H-satis able if there exists( ;N; )2 L(H) suchthat ;N; F ;
isH-valid if forall ( ;N; )2L(H): ;N; F

The previous de nition impliesthat is H-valid (A-valid) if and only if : is not H-satis able
(A-satis able). For ABA A the de nition for A-satis ability and A-validity can be given in
precisely the sameway.

The relation betweenmodels related by a simulation relation is given by the following result.

Prop osition 4.7. For HABAs H and H%such that H v H® and Na™* TL-form ula
is HOvalid )  is H-valid:
Proof. Straightforward from Theorem 4.5. O
The conversedoesnot hold asillustrated in the next example.
Example 4.8. Consider the following formula:
G[X(9x : x new” x:a 6 nil) _ (9y : y:a= nil » Xy dead] (5)

expressingthat in every step of the system either a new entity is created (which is enqueued)or
an existing ertity not pointing to any other one (i.e., the rst of the queue)is deallocated. It is
easyto seethat holdsin every allocation sequencegeneratedby a run of H in Figure 10, i.e.,

is H-valid. However, is not H%valid because,in the secondstate of H° there exists a self loop
with a reallocation mapping every entity to itself. Note that H does not have sud transition.
By taking this self-loop no ertities are created or destroyed. Hence, doesnot hold in every
allocation sequencegeneratedby H°. O
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Relating folded and unfolded allo cation sequences. We can relate folded and unfolded
allocation sequencesvith referencesin a straightforward manner. The next de nition introduces
a special kind of reallocation which is useful in order to establish this relation?3.

De nition  4.9. Fortwocon gurations and %suchthat CE \ E o= C° E \ E o, areallocation
= Ois called identity reallocation if for all e2 E and e’2 E o:

C(e) ife=¢€

id(e;€) = otherwise.

We indicate an identit y reallocation by id.

Two con gurations (and therefore states) related by the identit y reallocation may di er only
in the links betweenentities and becausesomeertity hasborn or hasdied. The condition on E
and E o says that an ertity not related to itself must be related to ? (in which caseis born or
dies).

For an unfolded allocation sequence = (Eo; o;1)(E1; 1;1)(E2; 2;1) let id( ) be the
folded allocation sequence

id( ) = (Eo; 0;1)ido(E1; 1;1)id1(Ez; 2;1)id>

where(E;; i;1) 4 (Ei+1; i+1;1). The twosequencesatisfy the samesetof Na™* TL formulae:
one on the unfolded semarics of Na™” TL , and the other on the folded version, i.e., F+:

Prop osition 4.10. For any Na™ TL formula wehave ;N; Ey 1 id( );N; Fg

Prop osition 4.11. For every ABA A there existsa HABA H such that givena Na™ TL formula
, we have is A-valid if and only if is H-valid.

Proof. Let A = hX;Q;E;l ;I;Fi,thenwedene H = hX;Q;E;1 %I;Fi where! ° is suc that
q &, q g

where =22 . HenceH is de ned asA with an identity reallocation on the transitions. It is

clear that

L(H)=f( SN% 9j( EN% 9= (id( );N; )and ( ;N; )2 L(A)g:

Therefore from Propositions 4.10 and 4.4 it follows that every A-valid formula is also H-valid
and vice-versa. O

Weindicate the HABA H de ned in the proof of Proposition 4.11by id (A). By Propositions4.7
and 4.11,in order to verify a Na™ TL-formula onan A we can alternativ ely verify it on a HABA
H that simulatesid (A). This is particularly interesting when A is an in nite  model whereasH is
nite. In fact provided we have an e ectiv e method to ched the validity of Na™ TL-form ulae on
nite HABA this can be usedto extend the methodology to in nite-state systems.

Example 4.12. The formula GH8x8y : x = y) stating that the queuewill have in nitely
often only one entity is H%valid becauseonly H° accept state has only one ertity, and in an
acceptingrun it is visited in nitely often. It followsthat is alsoH-valid. O

5 A language for navigation

In this sectionwe intro duce a simple programming language,called L ,, dealing with pointers. L
gives someinsight into the kind of systemsthat can be modelled by HABA with references.We
will de ne the sematrtics of L, in terms of ABA and HABA. The rst semartics is very concrete
and intuitiv e, but in nite-state, whereasthe secondis symbolic and nite. In Section 6.6, we will
study the relation betweenthe two semarics.

31t will also be useful for describing reallocations in the transitions of the symbolic operational semartics (cf.
Section 6.4).
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5.1 Syntax

Let nil be a special syntactic constart. For PVar a set of program variableswith v;v; 2 PVar ,
and such that PVar \ LVar = ?, the set of statemerts of the languagel , is given by:

(p2)Ln n= declvy;iiivn (s k K sk)

(s 2) Stat 2= new )jdel )j = |jskipjs;s
j if bthens elses jwhilebdos od

( 2)Nexp == niljvj :a

(b2)Bexp = = jb_bj:b

A program p is thus a parallel composition of a nite number of statemerts precededby the
declaration of a nite number of global variables.

Infformal semantics of L,. new( ) creates(i.e., allocates)a new ertit y that will be referredto
by the expression . If isthe only way to referto ertity e, say, then after the executionof new( ),
e (being not reachable) is automatically garbagecollectedtogether with the ertities reachable from
e. del ) destroys(i.e., deallocates)the ertit y assaiatedto , andmakes and every other pointer
pointing to it unde ned. The assignmen 1 := , passeshe referenceheld by , to ;. Again,
the entity 1 wasreferring to might becomeunreferencedand therefore may be garbagecollected.
As assignmeits create aliasesthey intro ducenon-trivial side-e ects. Sequerial composition, while
loop, skip, and conditional statemert have the standard interpretation. Meaninglessstatemerts
and expressionsas new(nil ), deknil), nil :awill beruled out at the semariical level (cf. Section6).

Example 5.1. The following L,, program is a classicalexample often reported in the literature
(e.g., see[l, 12, 13)). It reversesa list originally pointed to by the variable v.

declv;w;t :

w = nil;

whilev 6 nil do
ti=w;
W= V;
V= Vi,
w:a = t;

od;

t:= nil;

5.2 Adding program variables to Na  TL

(s1k  ksk), in principle it is not possibleto talk about v; (16 i 6 n) in Na™~ TL-form ulae. For
software veri cation this would represert a sewere limitation. We would like to add this feature to

such that the interpretation function is:
#(Xv,) = ey, 81 i n (6)

Notice that sinceertities in PV arealivein every state of the allocation sequencethe interpretation
# PV will remain xed.
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The value of the logical variables x,, is not very interesting when writing properties about
programs. Rather we are interested in the entity that a program variable v points to, that is,
(#(Xy,)). Thusit is conveniert to de ne

Vi Xy a 8v; 2 DeclPVar @)

as syntactic sugarin the logic. This su ces usto expressproperties about program variables.

Furthermore, we would like to exclude PV from the set of ertities consideredin the domain
of quanti ers. Again this is done by adding syntactic sugar. Throughout Sections5 and 6, we
considerthe formula 9x : asshorthand for

X : (X6 Xy, ® X6 X)) : (8)

Example 5.2. The con gurations (of the states) of the program in Example 5.1| using ertities

PV = fe;e,; eygand the logical variables DeclLVar = f x;;Xy; Xy to referto them | are shown

in Figure 11. It represernts the execution of the loop manipulating a list with three elements.
The main property we want to verify for the program described in Example 5.1 is:

v's list will be eventually reversed

that can be expressedn Na " TL (as we have seenbefore) by:
8x:8y:(v x~"xa=y)) FGy:a=Xx):
Moreover, another plausible property could be:

all the elemernts in v's list will be eventually corntained in w's list

which is expressedby:
8x:(v Xx)) FGw x):

6 Operational semantics

In this section, we describe how ABAs and HABAs can be usedto give a semartics to programs
in our example programming languagelL ,,.
6.1 Preliminary terminology , assumptions and results

As discussedn Section5.2, program variables can be modelled by a set of special ertities that are
alive in every state. Therefore, given a program p  declvy;:::;vn @ (s1k  ksg) declaring the

intro duction of PV entails someconstraints on somede nitions already given. In particular, we
give the following:

Denition 6.1 (well-formed con guration). A conguration = (E;; C with PV  E is
PV -well-formed if

cod( )\ PV ? 9)
C PV = 1py: (10)

Entities represerning program variables cannot be referred to, and are concrete. In the rest of
this sectionwe consideronly well-formed con gurations.
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Xt Xy Xw Xt Xy Xw
e
Xt
e
wa = t
Xt xy U= wyy Xt Xy Xw
t O v w t v w b
t=w
—_
€1 €2 €3 ey ey €3
w o= v
Xt Xy Xw Xt Xy Xw
t v w b vi=ova t v w b
e———
e1 €2 €3 e1 ey e3
wia =t
Xt Xy Xw Xt Xy Xw
t v w b t v w b
ti=w
—
€1 €2 €3 e es e3
w o= v
Xt Xy Xw Xt Xy Xw

Figure 11: Execution of the program in Example 5.1
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Assumptions. For two well-formed con gurations 1 and , we considerthroughout Section 6
only morphisms as well as reallocations that satisfy the following conditions:
h h PV = idpy (11)

8e2PV: (g;e)=1 (12)

1 2

)
1= 2 )
Conditions (11) and (12) force the correspondenceof the program variables in con gurations
related by morphismsor reallocations. Theseconstraints seemto be rather natural becauseof the
very special purposeassignedto PV (i.e., modelling p program variables). In fact, it is corveniert
| for example, from state to state of the computation | to have every program variable re-
mapped on itself. Finally, we can seethat (12) not only forcesreallocationsto map e, 2 PV onto
itself, but in combination with (10), ensuresalsothat e, is the only ertity that can be reallocated
to itself.

Preliminary notation. Let denotethe re exiv eand transitiv e closureof the relation induced
by the function , i.e., of the relation f(e; (€)) je; (e) 2 Entg. For conguration ,ande2E ,
(e) is the set of ertities in the remainder of the chain starting with e. Note that e 2  (e).
Moreover, let
hipy = ( (PV); (PV);C (PV))

be the con guration obtained from after garbagecollection, i.e., having as set of ertities those
reachablevia by someprogram variable in PV . is called PV -reachableif Ey, j,, = E .

A special classof morphisms that will turn out to be useful later on are characterised by the
following:

De nition  6.2.
A morphism h : I Ojis contractive, denoted h#, if jh 1(e)j > 1 for somee2 E o;
the shrink factor of amorphismh: | 9 ismaxfih (e)jje2 E og.

We write h#C if the shrink factor of h is at most C. Non-cortractiv e morphisms have shrink
factor 1. A contractiv e morphism abstracts a chain of ertities into a multiple or an unbounded
ertity. Note that contractive morphisms correspond to non-injective morphisms. We introduce
the term \contractiv " becauseit closely resenblesthe idea that the morphism collapsesse\eral
ertities into one, thus providing a more compact view of the con guration. A straightforward fact
is given by the following obsenation.

Prop osition 6.3. Let h: I O If his non-cortractiv e then h is an isomorphism.

Proof. It is straightforward to seethat h is bijective. In fact, every morphism is surjective by
de nition and h is also injective becauseit is not cortractive. Then, let h®: © 1 sud that
h%e) = h 1(e). hOis well-de ned since h is bijective and it can be proved to be a morphism.
Moreover, by construction we have h® h = id . Thus, by de nition h is an isomorphism. O

De nition  6.4. For a con guration (E; ; C) and ertities e;e® 2 E, if there existsn 2 N such
that e°= "(e), the distance d(e;e’ = n, otherwise d(e;e% = 2.

De nition  6.5. (L-safety) Let L > 0. A con guration (E; ; O is L-safe if
8e2 PV :(8e”:d(e;e) 6 L) QY= 1):

If a con guration is not L-safeit is called L-unsafe

Example 6.6. The con guration depicted in Figure 12 is 2-safe,since every ertity ey,; ; ey,
(represeriing a program variable) hasa distance of at least two from the unboundedertity e. The
con guration is not 3-safe,sinced(e,,;€) = 3. O
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Figure 12: A 2-safecon guration.

The following result says that isomorphic con gurations have the samesafeness.
Prop osition 6.7. ForallL>0: ;= ) ( 1L-safe, 2 L-safe).
Proof. Straightforward sinceisomorphic con gurations are equal up to renaming of ertities. [

The conceptsjust introduced for con gurations, like well-formedness,PV -reachability and L -
safenesare transferred to statesin a straightforward manner, saying that a state q is respectively
well-formed, PV -reachable, and L -safeif its con guration 4 is so.

In the following, for the concreteand symbolic semariics we will guarantee that every state g
is L-safe,and PV -reachable as well as well-formed.

6.2 Concrete semantics

A concrete semartics of L, is given in terms of ABA. Let Par denotesthe set of compound
statemerts, i.e.,r(2 Par) :=s j r ks.

De nition 6.8 (Concrete automaton Ap). The concrete semartics of p = declvy;:::;vy
(st k  ksg)isthe ABA Ap = WX, Q;E;! ;1;Fi where
Xp =Xy ;110X 65

Q (Par Conf)[ ferrag, wherefor state (r; ) 2 Q, r is the compound statemert to be
executed,and is a PV -well-formed and PV -reachable con guration.

E(r; )= andE(erra) = (?;?;?);
! Q Qs the smallestrelation satisfying the rulesin Table 2,

dom(l) = f(s1 k ksg;PV;?;1pyv)g and | (s1 k K sk;PV;?;1pv) = (?;#) where
#(XVi)= eVi (16 |6 n);

let

B
5

f(s9k ks?; )2 Qjs’= skip_s’= whilebdos od; s’y
f(s9k ks?; )2 QjsP= skip_sP= s;whilebdos od; s

then F = flb.[ ferragjO0<i6 kg[ fB [ ferragjO< i 6 kg.

A few remarks are in order. Every con guration in a state has1l becauseA is an ABA (cf.
De nition 3.10). There is a special errar state resulting from an attempt to evaluate an expression
:a, where does not denote any ertity (illegal statement). The set of logical variables only
contains those that are usedto encade the program variables declaredin the program p. A, has
a singleinitial state s; k  k sk. The ertities that are initially alive are those usedfor modelling
program variables. # givesthe standard interpretation for variablesin X, accordingto our initial
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assumptions(cf. Section5.2). The set of accept states for the i-th sequetial componert consists
of all states in which the componert has either terminated (s; = skip) or is processinga loop
(which could be in nite) or is the erra state.

Using the interpretation of navigation expressionsde ned in Section 2.1 and # given by the
initial state, we de ne the semartics of the boolean expressionsusedin conditional statemerts.

De nition  6.9. The semartics of boolean expressionsis the function V : (Bexp Conf)! B
given by (by de nition (? = ?) = tt)

tt if[ 1 =102 4

VEa= 2i) = otherwise
Vb _tp; ) = V(b ) _ V(e )
V(: b; ) = V (b; ):
Manipulating  con gurations. For the de nition of the concrete and symbolic operational

rules we rely on three operations that are meart to perform an update on the con guration
accordingto the statemert (new, del, or assignmen) that is executedby the rule.

The rst operation, add( ; ) addsto the con guration a fresh ertity, and assignsthe ref-
erenceto the entity denoted by the expression . We assumew.l.0.g. that the set Ent is totally
ordered; this is cornveniert for selecting the fresh ertity in a deterministic way, in fact we can
take the rst onenot usedin , i.e., min(EntnE ). The resulting con guration is composedonly
by PV -reachable ertities, i.e., garbage collection is applied at this stage. Formally, the function
add : Conf I Conf is given by:

add( ; )=h [ feg; fed ] ,0Cfl=egipy where e = min(EntnE ): (13)

The operation cancel( ; ) deletesfrom the con guration the entity denoted by . cancel :
Conf I Conf is given by

cancel( ; )=he nf[ ] .0 ;C (Enf[ 1 ,9iev (24)
where :E ! E? isdened as

ife2 M1 HILT 4

e otherwise

() =

In the resulting con guration, every pointerto [ ] ., aresetto ? by and the domain of the
cardinality function is restricted to the remaining set of ertities.

Finally, the last operation modify ( ; 1; 2) performsanupdate on 's pointer structure sothat
the ertity denotedby ; will pointto [ 2] ... This will beusedin the assignmer rules. As usual,
the resulting con guration cortains only reachable ertities. The function modify : Conf !
Conf is given by

modify( ;1 2) =HE ; f[ 2] ,=[ 1] 49 Cipv (15)

Concrete operational rules. Transitions for the basic statemerts follows the generalpattern:
r; | skipg ©

The con guration of the target state of a transition has a transformation of the con guration

of the source state, and has only readchable ertities. The transformation is carried out by one
of the operations (13), (14), and (15) de ned above. If garbageis produced by a transition it

is immediately collected and removed by the application of the operation itself. Furthermore,
recall that a program variable v is syntactic sugarfor x,:a. Therefore every navigation expression
occurring in a statemert is of the form :a (or nil). Finally, we write [ ] as a shorthand for
[ 1, Webriey commert on the rulescontained in Table 2.
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(NEW eror-conc)

[1="
) !

new( ‘a error
[16 >
(NEW-conc) new(:a); ! skipadd( ; )
(DELerror-conc) L1=7
del(:a); 1 error
[ 186~
(DEL-conc) del(za); | skip;cancel( ; :a)
[ =7
(ASGNerror'ConC) 1.a.= 2, I ernao
[ 116 ?
(ASGN-conc) va= o, | skipmodify( ; 1; 2)
V(b; )
(IF1-conc) if bthens; elses; ; | sp;
Vo(b; )
(IF2-conc) if bthens; elses; ; | sz,
(WHILE-conc) whilebdosod; ! if bthen s;whilebdos od elseskip ;
S1, ! emnra
(SEQerror-coONc) S1:Sy;, 1 error
S1; 1 sg’ 0 A 52 6 errar
(SEQ;-conc) S1;S2; | SY;Sp; ©
(SEQ,-conc) skip;sz; | S;
1 j k™ s; 1 erra
(PARerror-COnC) s1 K ij k ksg; 1 error
1§ k™s;t s~ g6 ena

(PAR:-conc) stk ks k ks | s1k K SJ-O k ks ©

(PAR2-conc)

skipk  kskip; 1 skipk  kskip;

(ERROR) o
errorr error

Table 2: Operational rules for the concrete semartics of L.
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Assignmen t. Trying to perform an assignmen j:a:= , results| by the application of
rule (ASGNyrr-conc) | in arun-time error if ; is a null pointer. Otherwise, rule (ASGN-
conc) appliest. By the application of modify ( ; 1; ), the execution of the assignmer
correspondsto updating the outgoing reference ([ 1]) to the ertity denotedby » (e.g. see
a transition resulting from an assignmet in Figure 11). After the execution, the assignmen
statemert is replaced by skip that is either consumedin the corntext of a sequetial com-
position rule or is blocked. This general pattern is also followed by rules (NEW-conc) and
(DEL-conc).

Creation. Unless isanillegal expression| in which case(NEWegor-conc)appliesproduc-
ing arun-time error | the referenceof the rst (fresh) ertity e available from Ent according
to the total order is assigned(by add( ; )) to the outgoing referenceof the ertity denoted
by , cf. (13).

Deletion. By (DEL-conc) the entity denoted by :a is deallocated and every referenceto
this entit y is cancelledaccordingto the de nition of cancel( ; :a ). Rule (DELeno-conc)only
appliesif  dereferences null pointer.

Conditional and loop. Rules (IF;-conc) (IFz-conc) (WHILE-conc) are straightforward®.

Sequential comp osition. By rules (SEQ;-conc) (SEQ,-conc) when the rst statemert is
reducedto a skip statement, it is consumed,if it is reducedto erra, s;;s, reducesto erra.

Parallel comp osition. By (PAR;-conc), if one of the componerts of the compound state-
ment performs a step, the whole compound statement can do so, unlessan error is produced
in which casethe whole compound statemert reducesto erra. By (PARz-conc), a self-loop
in an acceptstate with a terminated compound statemert ensuresthat, in arun, it is visited
in nitely many times.

Error. A self-loop in an erra state producesaccepting runs that have terminated in an
abnormal way becauseof run-time errors due to the dereferencingof null pointers.

Prop osition 6.10. Forany L > 0,if g2 Qa, then qis L-safe,PV -reachable and well-formed.

Proof. Straightforward. In fact, any g2 Qa, hasthe unitary cardinality function therefore it is
safeby de nition. Furthermore, states are PV -reachable by de nition. Finally, q is well-formed;
in fact, (10) is trivially satised and condition (9) it satis ed by the initial state. Moreover,
modi cations of pointers in the rules of Table 2 are performed only by (NEW-conc) and (ASGN-
conc). But both rules assignertities which do not belongto PV by de nition. In particular, for
(ASGN-conc)note that [ ,:a] cannot be in PV becauseof the syntactic structure of ;:a. O

6.3 Canonical form for HABA states

For the de nition of the symbolic semariics it is conveniert to de ne the concept of normal form
which provides a standard represenation (unique up to isomorphism) for a set of safe states that
may be related by morphisms. To this endwe rst de ne a notion that it somehav complemenary
to safeness.

4Note that if » is of the form 3:a where [ 3] 4 = ? the assignment i:a:= ; is treated by the current
semartics as 1:a:= nil. Another possible choice in the design of the semartics could be to treat such statement
as\illegal", and therefore, by the operational rule give a run-time error by making a transition to the error state.
The conversion of the current approach to the other is straigh tforw ard.

5As already observed for the assignmert rule, note that, b may contain expressionslike 1:a= »:a where either
[ »=72o0r[2] . = ?. The function V(b; ) return a boolean value also in this case. As above, such
expression are not treated as\illegal" but as nil . Again, it would not be problematic to adapt this semartics to
the opposite approach.

28



De nition  6.11 (L-compactness). A con guration (E; ; C) is L-compact if
8e2 E : (indegrege) > 1 _ 9¢°2 PV :d(e®e) 6 L + 1):

As usual we extend this notion to states in the standard way: a state q is L-compact if its
con guration 4 is so.

Thus, a compact state is a state that can have pure chains only if they are distant at most
L + 1 ertities from a program variable. Given two states g and g° one of which is L-compact, in
generalthere might exist more than one morphism relating them. This is normally the caseif the
state is not L-safe.

Example 6.12. Let L = 2 and the global constart M = 1. Let (cf. Figure 13):

(fev;er; e, f(ev;e1); (er;e)g; f(ey; 1), (er; );(e2; )O)
(fevg[ feij16 16 6g;f(ev;e)g[ f(e;e+1)j16i6 5g;f(e;1)g[ f(e;1)j16 i6 6g):

q
¢°

State q is L-compact (but not L -safe), however, there exists more than one morphism between q°
andq. In factlethy;:® ! gandh,:q®° ! gdened as:

e if16i62
hi(e) = e, otherwise
e fl6i<4
ho(e) = !

e otherwise.

Hence, h; and h, distribute ertities of o onto ertities of g in dierent ways. Figure 13 givesa
pictorial represenation of this situation. hj is represened by dashedlines whereash, by dotted
ones. 0

Figure 13: More than one morphism can relate a L -compact state to another.

We now de ne the notion of canonical form.
De nition  6.13 (canonical form). A con guration s L-canonical (or in L-normal form) if
is L-safe;
is L-compact.
A con guration in canonical form enjoys seweral properties.
Prop osition 6.14. If a con guration is L-canonicalthen:

a) is PV -reachable;

b) for every con guration ©, if there existsa morphismh: ! Otheneither = O%or Cis
L -unsafe.
Proof. SeeAppendix B. O
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The previous proposition shows that if a con guration is in canonical form then it is in the
most compact (safe) form up to isomorphism. In fact, if compactedfurther, it would be unsafe.

Prop osition 6.15. Let ; and , be a PV -reachable and a L -canonical con gurations, respec-

tively. If hy: 1 ! 2andhy: 1 ! 5thenhy= h,.

Proof. SeeAppendix B. O
Theorem 6.16 (Existence of the canonical form). For every L-safeand PV -reachable con-
guration  there exists an L-canonical con guration  ©and a unique morphism h : 1o
Proof. SeeAppendix B. O

Corollary 6.17. The canonical form of L-safecon guration is unique (up to isomorphism).

We call ©(of the previous theorem) the canonicalform of and indicate it by cf( ). We write
het( ) for the unique morphism h relating and cf( ).

Safe expansions. Theorem 6.16 ensuresthe existenceof a unique canonical form for safecon-
guration. However, in the de nition of the assignmen rule we needto deal with unsafecon gu-
rations. We have also seenthat an unsafecon guration can be related to a safeone by more than
one morphism. The following notion de nes a nite set of pairs ( %h) where, the rst compo-
nent Cis an L-safecon guration represerning the sametopological structure of a possibly unsafe
con guration ; the secondcomponert h is the morphism relating °and

De nition  6.18. The set of safe expansions of a con guration  is
SExg )=f( %h)j CisL-safeand h#*: 0 | g

In SExg ) all con gurations that are included are related to by a contractive morphism (cf.
De nition 6.2) with shrink factor at most L + 1. This bound ensuresthat SEx{{ ) is nite (up to
isomorphism). Moreover, we will seethat this is enoughto include in SExf{ ) all the necessary
con gurations neededfor the de nition of the assignmei rule in Section 6.4.

Example 6.19. Assumethe global constart M = 2. Then con guration  depictedin Figure 14
(left) is not 4-safe. The SExq ) cortains the con gurations reported in the right part of gure
enclosedin the dashedbox. For ead of them the shrink factor is indicated together with the
corresponding cardinality of ey that the single (con guration of the) state represerts. O

Com bining reallo cations and morphisms.  Combining reallocations with morphismsin gen-
eral doesnot result neither in a morphism nor in a reallocation. However, in somespecial caseghe
combination of an id reallocation followed by morphisms de nes a reallocation. For the de nition
of the symbolic operational rules we are interested in someof these special cases.

The following proposition provesthat it is possibleto complete the diagram reported in Fig-
ure 15 by a reallocation

Prop osition 6.20. Let and %%%e two L-canonicalstates. If 24 oM 00 hzj 000gch
that

(@) 82 E wo:id *(hy h,%(e)) E? isachainand
(b) Code)= ) 2 2id *(hy h,(e)).
Then = 00%yhere:

= f(er;e;Colhy Y1)\ hy(e2)) jer 2 E g
f(e;?;C(e)je2 E nE og|
f(?;e;Coo€)je2 E oo~ hy h,'(e)\ E = ?g:
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srk factor =
C(EO) =3

srk factor =
C(eo) = 4

srk factor =
ey eo C(eo) = 5
q

srk factor
C(ep) = 6

srk factor
C(ep) > 6

Figure 14: Example of safeexpansionsfor an unsafestate (caseL = 4, M = 2).

OW 00

1

Figure 15: Diagram of Proposition 6.20
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Proof. SeeAppendix B. O

Wewrite hy h; Ly d 9 to indicate the reallocation de ned in the previous proposition.
In somecaseswe will usea simplied version of h; hll ( d 9 that correspondsto the

specialcase =2 0 M 9 |y this casewe de ne:

h ( d 9 = f(e;h(e);id(e;e)) je2 E \ E og[ (16)
f(e;?;C(e)je2 E nE og[
f(?;h(e);Cw(e) je2 E onE g:
Ashy h; o A 9 alsoh ( A 9 de nes areallocation provided that the samehypothesis

of Proposition 6.20 are valid. This is stated in the next remark.
Corollary 6.21. Let , °betwo L-canonicalcon gurations. If 24 0 M 0gych that
(@) 82 E w:id *(h 1(e)) E? isachain and

(b) Co(e)= ) 2 2id *(h (e)).

then =  ®whereh ( & 9.
Proof. Straightforward. In fact, by Proposition 6.20 we have = 0pecause - oid
0 hy where , dened in the proposition, is preciselyh ( =2 9. 0

The composition of id reallocations with morphisms is interesting becausethe operation add,
cancel, modify | that we will usefor the de nition of the symbolic rules| transform a con gu-
ration into a con guration °which is related to the former by an id reallocation.

Lemma 6.22. Let beaconguration, and ; ©be navigation expressions.Then:

1. 2 add( ;)
2. & cancel( ;)
3. & madify( ;; 9.

Proof. Straightforward. In fact, for the three operation it is easyto de ne the corresponding
identit y reallocations.

1. Fore2 E ;€°2 Eada( ; ), let © = Eada( ;) dened as:
_ _ C(e) ife=¢€°
(eie) = 0 otherwise.
P,
(7:69 = 1 if e mln(EntnE )
0 otherwise.
(e_,)) - C (e) if E nEadd( )
. 0 otherwise.

It is possibleto verify that de nes a reallocation accordingto De nition 3.12and moreover
it satis es the De nition 4.9, therefore it is an identity reallocation.

2. Similar to the previous case.For €2 E ;€°2 Ecancel( : ), €t %1 =  Ecancel( : ) dened
as:
C(e) ife=¢°
O/ n- —
(e:e) = 0 otherwise.
O(G;?) C (e) if E nE_canceI( 7))
0 otherwise.

Like the add case,it can be veried that ©is an identity reallocation.
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3. Similar to the cancel case. For e 2 E ;€°2 Emodiy ( - 9, let 1 = Emodiy( :: 9

de ned as:
00 . _ C(e) ife=¢°
lee) = 0 otherwise.
O‘ie"7) - C (e) if E nEmodify( 0
v 0 otherwise.

Again, like the add case,it can be veried that is an identit y reallocation.

6.4 Symbolic semantics

The concrete semartics of L, de ned in the previous sectionis rather intuitiv e, but results in an
in nite state space. For example, this can happen, in our case,becauseduring the computation
the mechanism of ertity creation is invoked in nitely often without equally many deletions. In
this section we de ne a symbolic semartics of L, in terms of HABA with references. We will
exploit the notion of canonical form for statesintroducedin Section 6.3 and we will obsene that
this helpsto achieve a nite-state sematriics for every program of the language.

Assumptions. In the de nition of the symbolic semartics, we assumeto know the longest
navigation expressionoccurring in the program p. This number, denotedby L ,, canbe determined
statically by a syntactic analysisover p. In any state of the program, L, providesus with an upper
bound (in terms of distance from a program variable) to the most distant entity accessedy a
statemert of p. For example,if x:a* is the longestoccurring referenceexpressionin p then L, = 5.
Thus we de ne:

L, = maxfnjv:a" occursin pg+ 1: (17)

Informal idea of the symbolic model. In the symbolic semarics, we exploit unbounded
ertities in order to keepthe model nite. The price to pay for the resulting nitary treatment of
the semartics is an increasein the complexity of the machinery neededfor the de nition of the
transition system. In particular, the di culties inherent to the employment of unbounded entities
are two:

It may be unclear which ertities are involved in the execution of a statemert.
it may be unclear which is the state resulting after the execution of a statemert.

The direct consequencds the unavoidable introduction of non-determinism in the model. We
would like to exploit as much information as possiblein order to minimise the amount of this
nondeterminism. For this reason,the symbolic semartics applies the following strategy:

wheneer an unbounded ertit y appearsin a state we make sure that this is preceded
by a chain of length at least L, of concrete ertities.

In other words, any state of the symbolic semartics is enforcedto be L ,-safe(cf. De nition 6.5).
This implies, by assumptionon L, (see(17)), that in every state we can precisely determine the
concrete ertity denoted by any navigation expressionoccurring in new or del statemens. The
major bene t isthat for thesestatemerts the operational rules are deterministic and easyto de ne.
The only sourceof nondeterminism in the symbolic semartics may be the assignmen statemert.
In fact, although the entities denoted by both the expressionson the left-hand side and on the
right-hand side of the assignmen are uniquely identied (by L ,-safenessassumption), the e ect
of an assignmem may result in an unsafestate. In general, this happens when variables change
their referenceto someertities that are closerto an unbounded entity. For example, the state g
depicted in Figure 16 is 3-safe. However, the assignmen w := w:a:a:a producesthe 3-unsafestate
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q® Hence, since we admit only safestates, it is not possibleto take as a result of an assignmen
o that merely results from the manipulation of pointers dictated by the assignmen. We needto
consider\safe versions" of ¢, i.e., more concretestatesthat represen the samepointer structure.
In terms of De nition 6.18,this meansto considerstatesin SExgq®. In generalthere can be more
than one possibility and therefore a nondeterministic step is unavoidable.

q

Figure 16: From the 3-safestate g the assignmem w := w:a® producesthe 3-unsafestate o°.

De nition  6.23 (Sym bolic automaton Hp). The symbolic semartics of p = declvy;:::;vp :
(s1 k k sk) is the HABA H, = hX,; Q;E;! ;I;Fi where

Q (Par Conf)][ ferrag, i.e., a state (r; ) consistsof a compound statemert r, and a
PV -well-formed and L p-canonical con guration

I Q (Ent Ent* M) Q,isthe smallestrelation de ned by the rulesin Table 6.4;
seeSection 6.5 for conceptsand notation.

and X, E, | and F arede ned in the sameway as De nition 6.8.

The de nition of H, resenblesthe onegivenfor A, in many aspects, in particular concerning
the initial state and the acceptstate, and the readeris referredto De nition 6.8 for commerts on
these componerts.

6.5 Symbolic operational rules

The rules of the symbolic operational semariics are heavily basedon the certral notion of canonical
form de ned in Section 6.3. They follow the generalpattern:

r; 1 skigcf( 9

The idea is that the target state is the canonical form of a certain manipulation of the source
state performed | as for the concrete semariics | by one of the operation (13), (14) or (15).
The canonical form must be enforced since manipulating pointers in the source state (in par-
ticular, during an assignmer) may indeed result in a target state that is not L ,-canonical (see
above). Obserethat sincethe target state is PV -reachable®, garbagecollection is applied at every
transition. Hence,apart from the canonical form, any symbolic rule resenblesthe corresponding
concreterule. The only exceptionis (ASGN-sym)(that we commen below). There existsin gen-
eral a relation between the reallocation and the morphism h¢( 9, which we abbreviate with
h¢t, as can be obsened in the rules.

In the symbolic operational rules the evaluation of a navigation expression is done by the
de nition of semartics [ ] givenin Section 2.1 and already usedfor concrete semarics. This is
possiblebecauseH, has only L -canonical states (that are L ,-safeby de nition) and therefore,

6Because of the application of the operations that manipulate the con gurations.
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(NEWerror-sym) new( ;£ )]I; :!? error
(NEW-syrm) NS !|[ ]Isslds;cf(add( 5 =hg (2 add(;))
(DELerror-sym) (1=
del(:a); ! errar
(DEL-sym) del(ca); | |[sk]igc?(cancel( ;@) =he (= enl(ia)
(ASGNerror-sym) Ta ;:l[ ljl;:!? error
(ASGN-sym) = l[; 1]!I : ?skip; cf( %9 ( io, EZfz :El)(q?qolfy(mO(;'fyi)) L 2))
(IF1-sym) if bthen s; e\l/s(ebsiz ); I 4 Su
(IF2-sym) if bthen s, e\I/se(:z ); g S2;
(WHILE-sym) whilebdosod;, | , if bthens;whilebdos od elseskip ;
(SEQuorsym) o0 ! O
sEoaym M e
(SEQ,-sym) skip;s2; | 4 S2;
(PARerror-sym) s kl sz kk : ij;sk;! !erraerrcr
(PARz-sym) skipk  kskip; | , skipk K skip
(ERROR)

error! errar

Table 3: Operational rules for the symbolic semartics of L.
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the scope of any expression is within the part of the con guration containing only concrete
entities. Hence,for every state in a con guration 4 of astate g2 Qu,, the expression[ ] ., is

0
well-de ned.

Creation. Performing new( :a ) results in the canonicalform of the con guration obtained
by add( ; : ). Corollary 6.21and Lemma 6.22 ensurethat this is a reallocation. Performing
a new( :a) statemert with  unde ned results in a run-time error. As in the concrete
semartics, this is modelled by the special state erra (cf. (NEWerno-Symyule).

Deletion. The rule (DEL-sym)deletesthe ertity denotedby :a accordingto cancel( ; :a).

Assignmen t As usual, if a null pointer is dereferenced,a run-time error is produced, cf.
(ASGNsyror-sym) rule”.

Otherwise, (ASGN-sym)applies. Informally speaking, it employs the following strategy:

1. First of all, the manipulation of pointers dictated by the assignmem takesplace accord-
ing to madify ( ; 1; 2).
2. If the con guration modify ( ; 1; 2) is unsafe,we considerits safeexpansion.

3. Every state having asa con guration the canonicalform ofa %2 SExgmodify ( ; 1; 2))
is a target state of the assignmen rule.

Safety can be lost only if in the remainder of the expressionconsideredby the assignmen
there exists someunbounded ertity. For example, considerthe casewhere a variable w is
assignedwith someerntit y down in the samelist pointed to by w (cf. Figure 16).

If in the remainder of the expressionwe want to assignthere are no unbounded (or multiple)
ertities, readjusting the pointers performedby maodify ( ; 1; 2) accordingto the assignmen
and taking the canonical form su ces, i.e., step 2 is not necessary

Rule (ASGN-sym)is non-deterministic if the set SExgdmodify ( ; 1; 2)) contains more than
one con guration and they do not have the same canonical form. The existence of the
canonical form cf( %9 is guaranteed by Theorem 6.16. The de nition of the reallocation
can be understood by Figure 17. Con gurations  and modify( ; 1; ») arerelated by an
identit y reallocation as stated by Lemma 6.22. reallocates ertities e 2 E , €° 2 Ect( o
related by the morphisms h in SExgmodify ( ; 1; 2)) and hg;.

————>cf( 00)

id hcf
modify ( 5 1; z)ﬁ 00

Figure 17: Correspondencebetweenthe sourceand the target state in the assignmen rule.

Rulesfor conditional, while loop, sequettial composition, parallel composition, and run-time error
are similar to those in Table 2 and are listed here for completeness.For an explanation, we refer
the readerto Section6.2.

Example 6.24. Let L = 3 and M = 2. The actual transitions resulting from the assignmen
w = w:a® consideredin Figure 16 are shown in Figure 18. g,; ¢ ¢ arethe canonical form of
the statesin SExg ).

In Figure 19, we focus on the stepscorresponding to the diagram in Figure 17 taken to obtain
the transition q!' . Only the mapping of the unbounded ertity is drawn. The mappings for
the other ertities are identities. State g°is obtained by the morphism h#*. The canonical form
then reducesthe chain of four elemers in one with three elemeris. O
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Figure 19: Zoom of the diagram in Fig. 17 applied to the assignmen of Fig. 18.
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The next lemma states a corollary of Proposition 6.20.
Lemma 6.25. dened in rule (ASGN-sym)is a reallocation.
Proof. SeeAppendix B. O
Prop osition 6.26. If g2 Qu, then qis L-safe,PV -reachable and well-formed.
Proof. Straightforward by the de nition of Q. O

6.6 Relating the concrete and symbolic semantics

In this section, we study the relation betweenthe two semarics we have de ned for L,. The
correspondencebetweenA and H, is stated by the following:

Theorem 6.27. For all programsp:id(Ap) v Hp.
Proof. SeeAppendix B. O

The symbolic automaton simulatesthe concreteone,thereforethe theory and results developed
in Section4 can be applied hereto A, and Hp. In particular concerningthe veri cation of Na™ TL
properties of the program p whosesemartics is givenby A, and Hy. In fact, asa straightforward
consequencef the previous theorem we have:

Corollary 6.28. For every program p and every Na™ TL-form ula
is Hp-valid ) is Ap-valid:
Proof. Straightforward application of Theorem 6.27 and Propositions 4.7 and 4.11. O

Finally, the next result gives another important step towards the developmert of techniques
for exhaustive state spaceveri cation for HABA.

Theorem 6.29. For all programsp, Hp, is nite-state.

Proof. SeeAppendix B. O

On the rening of the model. The construction of the model H, dependson the canonical
form that in turn is parametric to the number L ,. The precisionof the model may be increasedby
tuning opportunely Ly: in fact, by increasingL p, the corresponding canonical form of the states
will be more concrete. A secondparameter that can be usedto changethe precision of the model
is M. The higher is C(H ) the more concreteis the model. Hence, a tool that extracts a model
from p should be designedto provide the userwith the capability to input L, and M.

7 Mo del checking Na "TL

In this section, we de ne an algorithm for model-cheking Na™ TL formulae against a HABA
with references. The algorithm is basedon the one de ned in [5, 6] that, in turn, extends the
tableau-basedmethod for LTL [9].

Weewaluate Na™" TL-form ulae on statesof a HABA by mapping the freevariablesof the formula
to ertities of the state. Again, these mappings are usedto resolwe all basic propositions like: the
freshnesspredicate x new, the entity equation x:a" = y:a™; and the (new) leads-to propositions
x:a" y:a™. The sameobstaclesencourtered for A~ TL needto be addressedhere, together
with new di culties proper of Na™~ TL. Thesecan be summarisedas follow.

7Concerning the possibility to detect a run-time error in case » is an illegal expression, the same observation
done for the concrete semartics holds also for the symbolic one (cf. foot note page 28).
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It is not always uniquely determined whether or not an entity is freshin a state. Arriving in
the states from di erent transitions an entity can be new or old depending whether or not
it is in the codomain of the reallocation attached to that transition.

As for A TL, this obstacleis dealt with by the duplication of statesde ned in [5].

For variables (of the formula we want to model-chek) that are mapped onto unbounded
entities, propositions like ertity equation or leads-to cannot be decidedsinceit is not clear
in which instancesof the unbounded ertit y the variables are interpreted.

To deal with this dicult y, we de ne a notion of distance betweenthe interpretation of the
free variables of a formula. Since variables, say x and y, can be mapped onto the same
unbounded ertity e, the distance needsto be sensibleto the level of the \instances" of e
where x and y are precisely interpreted®.

For the formula wewant to model-chedk, the HABA canbetoo abstract. In particular, the
global constart M up-to which we have preciseknowledgeof the number of concreteertities
an multiple ertity represers can be too small with respect to the navigation expressions
occurring in . When this is the case,it is not possibleto decide equality propositions and
the leads-to predicate.

To overcomethis problem typical of HABA with referencesand Na™" TL, we transform the

model in an equivalert one where the global constart M is raised up to a suitable upper

bound (dependert from ) that provides correct information for the atomic propositions in
. This transformation processis called stretching.

7.1 Stretc hing HABAs

In a HABA H an ertity can have precisecardinality only up to the global constart M. In the
processof model chedking a formula , the abstraction imposedby M canresult to be too strong.
In fact, it is necessaryto nd suitable assignmerns for 's variablesin order to decide whether
it cannot be satis able in H. Thus there exists a dependency between the atomic propositions
in and the constart M. In caseM is too small, and therefore the represenation of H is too
abstract to support the de nition of valuations (cf. Section 7.6), H must be unfolded, or as we
s&, stretched. The stretching processincreasesthe precision of H states.

Example 7.1. AssumeM = 2 and considerthe state g depicted in Figure 20. Moreover, assume
we want to decideif the formula x:a® = y holdsin g. The truth value of changesdepending
on the number of ertities actually represerted by the unbounded ertity e. Nevertheless, since
M = 2, e can represerts any humber of instancesstrictly greater than 2. In particular, is true
only in the case,e represerts precisely 4 instances,and it is falsein every other case.Hence,in q,
can be both true or false. By stretching the model to a su cien t extent, we can avoid this kind
of ambiguities (at the cost of nondeterminism). O

Figure 20: In q s the truth value of x:a® = y ambiguous.

Stretching meansaugmerting the precision of the states by increasingthe value of M. This
yields for every state with an abstract con guration a set of states assciated to more concrete
con gurations and represents the same original pointer structure (i.e., these con gurations are
related by morphisms). The rst obvious question is, of course,how much concretethe resulting
stretched HABA should be. Clearly, the risk we run is that the model must be magni ed somuch

81n this context, instances of e are synonym of the concrete entities that e abstractly represerts.
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to becomein nite which, in the context of model chedking, would meanto neutralise the complete
system of abstraction built on unbounded ertities. Fortunately, for a given formula we need
only a bounded stretching, since after a certain point, more concrete HABAs would not provide
any further useful information. For a formula this bound, written K ( ), is given by:

X
K()=max(M + 1, maxfn+ 1jx:a" occursin g): (18)
x2fbv( )

where fbv( ) is the set of free and bound variables of

w z X
y
Abstract level
O——@ b
w z y X

Abstract level

Concrete level

Figure 21: Example of suitable K ( ).

Example 7.2. Considerthe formula ; 9x : 9y : (z = x:a®~ w:a? = y), and the HABA
state q depicted in Figure 21 (top) where a possiblegiven interpretation of the variablesin 1 is
considered. In order to satisfy the formula, x and y must be interpreted as part of the unbounded
ertity. It is clear from the picture that we must considerthe unbounded entity to represen at
least 3 ertities in order to nd a suitable assignmen for x and y that makesthe formula true in
the state. K( 1) = 9(= 4+ 3+ 1+ 1) is obviously enoughto decidethe validity of ;.

Now consider , 9x : 9y : (z:a® = x:@a®~ w = y:a?) and state ¢° (cf. Figure 21, bottom
part). In this casebecauseof the given interpretation of the free variable z and the o set :a®,
it results that the unbounded ertity must represen at least 6 entities in order to nd a suitable
assignmen for the variable that makes , valid in the state. This explains why we needto sum
up the expressionrelated to free variablestogether with thoserelated to bounded variables. Note
that K( ) = 13(= 6+ 3+ 3+ 1). O

De nition 7.3 (HABA stretc hing). LetH = hX;Q;E;l ;I;Fi beaHABA sudc that C(H) =
M. The stretchingof H up to M (with M < M) is the HABA H *M = hX;Q%E% %|1%F9
wherefor q2 Q let Sq= f(q;Eq; ¢;C) jcod(C) R ;G = dGy gthen
S
Q%= "q2q Sai
E%q ) =

I 9js the smallestrelation sud that:

Q! N 1= 2

(q; 1! °, (@5 2) Boi = doam
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S
1°= " 1 S

FO=f" ,r SqiF 2 Fg.

The automaton H * M includes for ead state q of H the set Sy containing all the states

The transition relation! °is obtained from the original one by adding for every transition q! d°,
all possibletransitions from statesin Sy to state Sy taking carethat there exists a reallocation
betweenthe con gurations of the modi ed states. This constraint concernsthe compatibilit y of the
new cardinalities of their ertities. The initial and acceptstatesof H *M are those corresponding
to initial and acceptstatesof H.

Example 7.4. Considerthe HABA depicted in Figure 22, such that C(H) = 2. The stretching
up to 4 is shown in Figure 23. In this example we have:

Sq¢ = fau;%i®g
Sp = fai ;g
Betweeng; and ¢f there are no transitions since (e;;e4) = , therefore, every suitable s(ey;ey) 2

£3;4; g, but since G, (e2) = 3and (ez;es5) 6 0 (i.e., G, (&) is redistributed betweene, and es)
it is clear that there cannot be a reallocation g =  ¢f. On the cortrary, gz and ¢ have the
con gurations as g and ¢°, respectively. However, betweengs and ¢f there exist two transitions
corresponding to the reallocations that assignto the pair (e2; e4) the multiplicit y 4 and
Consider now, the formula x:a® = y wherex and y in g have the following interpretation:
(x) = e and (y) = e3. In Example 7.2 we have seenthat in g (for M = 2) can be either true
of false. In H *4, the ambiguity is resolved. holds only in @, and it is falsein g and gz sincein
the latter e, represerns at least 5 ertities. O

Figure 23: The HABA H *4.

Theorem 7.5. For all HABA H suchthat Q(H) = M < M: L(H) = L(H *M).
Proof. SeeAppendix C. O
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Assumptions.

In the remainder of this section, we assumethat the necessaryduplication as

well as stretching have beencarried out already: that is, we will assumethat a state g 2 Q has
Eq that cortains the ertities that are new in g, and that the global
1. Other assumptionsneededbelow are that every quanti ed variable

an extra componert N
constart M equalsK ( )

isdierent (i.e., the formula hasbeen -cornverted) and every quarti ed variable actually appears
free in the sub-formula; that is, we only considerformulae 9x: for which x 2 fv( ). Note that
this imposesno real restriction, since9x: is equivalent to 9x:(x alive® ).

7.2 Valuations

In a given state, a valuation of a Na™~ TL formula is an interpretation of its free logical variables
as ertities of the state. Such an interpretation is meart to establish the validity of the atomic
propositions within the formula, which in Na™ TL have the form = ,, new and 2.
Becausewe allow unbounded and multiple ertities as interpretations of logical variables, a sim-
ple mapping from variables to ertities would not be enoughto decidethese atomic propositions.
The interpretation of the valuations should be able to expressnot only whether two variables
mapped onto an unbounded entity refer to the sameinstance or not. In fact, in the latter case,
it should provide us with information about the distance betweenthe two instances (within the
unbounded/multiple entity) where the variables are supposedto be interpreted. Sud informa-
tion is necessaryin order to decide equality propositions (e.g. x:a®> = y:a®) as well as leads-to
propositions (e.g. x:a®>  y:ad).

For a setof ertities E let E ;E* LVar be two special setsof logical variables de ned as:

E
E*

fe je2 Eg
fe" je2 Eg

In the following let E E [ E*. For these special variables, we will have always a xed
interpretation: variable e is interpreted in the rst instance of the ertities represened by e, and

€' is interpreted in the last instance of e.

Denition 7.6 (V aluations). Let beaconguration. A -valuation isatuple ( ; ; ) where

is a Na™~ TL-form ula;

:fv( )[ E * E a partial function mapping every free variable to an ertity such that
8e2E :(e)=(€e")==e

(v( )T E ) (()[ E )* M, apartial function that satis es the conditions in
Table 4.

We denoteby V the setof all -valuations ranged over by v and we write Vg for V.

(Del ta Gamma 1) 8e2E : (e ;e") 1=C (¢
(Del ta Gamma 2) 8ei;&2E (&1 e , (e ;,8)=1)
(Del ta Thet a 1) 8x;y2fv( ):(x;y)2dom( ) ) x;y2dom() ™ ( x) (y)
(Del ta Thet a 2) (x)=e, (e;x) 0~ (x;e") O
(Del ta Met 1) (x;x) 2 dom( ) ) (x;x)=0
(Del ta Met 2) X;¥);(y;z) 2dom( ) ) (x;2z)2 dom( )
(Del ta Met 3) (5y)(x;z)2dom()) ((xy) (viz)= (x2)_
(x2)  (zy)= (%Y)

The function
pretation

Table 4: Conditions on a valuation ( ;
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is the notion of distance that is usedin a valuation together with the inter-
to decidethe equality and leads-to propositions. Somecommerts on the conditions



reported in Table 4 are now in order. Condition (Del ta Gamma 1) enforcesthe consistency
between and the cardinality function C of the con guration. In particular it implies that
f(e ;e")je2 E g dom( ). Condition (Del ta Gamma 2) gives consistencybetween and

. Condition (Del ta Thet a 1) and (Del ta Thet a 2) relate and . (Del ta Thet a 1) can
be rephrasedsaying that the distance betweentwo variables is de ned only if the variables are
interpreted in reachable ertities. The other direction is also a reasonableproperty to require.
Howevwer, it is not necessaryto imposeit sinceit can be derived by the other properties as stated
by the following result.

Prop osition 7.7. For all -valuations( ; ; ):
@ (9 >0: 7 (x)=(y)67?)) (xy)2dom()
b) (x)=(y)67? ) (xy)2dom()_(y;x)2 dom()

Proof. SeeAppendix C. O
Corollary 7.8. For all -valuations( ; ; ):x2dom() ) (x;x)2 dom().
Proof. Straightforward from Proposition 7.7. O

Abstract Level

Concrete Level

Figure 24: An interpretation of the variables corresponding to a valuation.

Example 7.9. Consider Figure 24. Assumethat in a valuation, and are de ned asfollows:

(Cy) sy)= ((y) ;x)=3
(s (N) = x (y))=2
(y;x) =2 (xy)=?
(w; (y) )=2 (z;(y) )=2
And (w;x) = (z;x) = (w; (Y)*) = (z;(y)") = . Note that, since ( w) and ( z) are

unreachablewe have (w;z) = (z;w) = ?. On the concretelevel, for a state wherethe unbounded
ertit y is instantiated by six concreteertities, the interpretation givenby the valuation corresponds
to evaluate the free variables as depicted in the concrete state ¢°. O

Metrics versus . Since expressesour notion of distance, it is somehav natural as well as
interesting to relate this conceptto metrics in the context of metric spaces.For, let us deviate a
bit from the exposition of the model cheding algorithm and make a short comparison.

A metric spaceis asetS with an assaiated function m : S S! R, (called metric) satisfying
the following properties:

1.82S:m(x;x)=0
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2.8Gy2S:m(xy)=0) x=y
3.8xy2S:m(x;y) = m(y;x)
4. 8x:y;22 S:m(x;z) 6 m(x;y) + m(y; z)

By condition 2, the distance betweentwo points is zero only if thesetwo points are actually the
same. Condition 3 is the symmetric law and 4 is the well-known triangle inequality. Dierent
choicesof metric on a given set give rise to di erent metric spaces.If condition 2 is dropped, a
pseudometric spaceis obtained, whereaswithout condition 3, we would obtain a so-calledquasi
metric space[15]. As de ned in De nition 7.6, the partial function clearly satis es postulate 1
of a metric by (Del ta Met 1). Moreover, from condition (Del ta Met 1) (Del ta Met 3) it
is possibleto derive postulate 4 as stated by:

Prop osition 7.10 (triangle inequalit y). (x;y);(y;2)2dom()) (x;2)6 (Xy) (Y;2).

Proof. (x;y);(y;z) 2 dom( ) impliesby (Del ta Met 2) (x;z) 2 dom( ). Then, by (Del ta Met 3)
we have

(x;2) or (19)
(x;y) (20)

If (19) holds then the statemert of the proposition holds aswell. If (20) holds then we have

xy)  :2)
x2)  (z7y)

xy) ;)= (x2)  (=Zy) 29> (x2)
that is what we wanted to prove. O
Hence, , where de ned, satis es condition 1 and 4. By the consideration described above we

could then classify asa \partial pseudo-quasimetric”.

Abstract semantics and distance for navigation expressions. We canadapt the de nition
of [ ] givenin Section 2 in order to exploit the information given by a valuation. First of all let
us consideran examplethat showvs somedi culties towards suc de nition.

Example 7.11. Considerthe con guration represered in Figure 25and a -valuation v were
v(x) = e and (y) = e and  is given by:

vXe)=0 (xe)=0
xe)=1 (xe)=1
vXie)=2  (xe)=4
v(X;e)=5 y(x€)=6
vXes) =7 (xe)=7
v(X;e5) =8 v(x;e5)=9
v(X;e;) =10 (x €)= 10

The natural way to de ne the entity corresponding to expressionx:a” would be to exploit by
taking the entity e such that ,(x;e ) 6 n 6 (x;e"). Hence,for example, the interpretation
of x:a® should be e; whereasx:a® should be interpreted onto es. However, this is too naive. In
fact, considerthe expressionsx:a'* or x:a?®, it is clear that the approac described before does
not work sincethere are no ertities with a distance more than 10 from x, and neverthelesslooking
at the con guration, both expressionsmust point to an existing ertit y. O

It is not dicult to seethat the problem described in the previous example stems from the
existenceof a cycle. In order to deal with it we intro ducethe following notion. For a con guration
= (E;; ©Q anda -valuationvlet G, :(LVar N)* M givenby:

p .
GOGk)= v(x vOx)T) 16i6k A "Cv(X))):
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Informally, G, (x; k) returns the cumulativ e cardinality obtained performing k stepsfrom the inter-
pretation of x in v, i.e, (x) upto K(( x)) and summing up all the cardinalities of the ertities
encourtered in between. Note that if there exists a cycle somecardinality may be consideredmore
than once.

€7 €6

Figure 25: A cycle inducesa di erence betweendistance and cumulativ e cardinality.

Example 7.12. Consideragainthe con guration in Figure 25. We have:

Gx)=1 G(x2)=4 GC(x3)=6
GXx4)=7 G(x5=9 G(x;6)=10
G(x7)=13 G(x;8) =15 G(x;9) = 16:::

Looking at the previous valueswe can seethat performing 7 stepsfrom ( x), at the concretelevel,
we traversel3 ertities, whereasafter 8 stepsat the concretelevel we visit 15 ertities. Therefore, at
this point it should be obvious that the interpretation of x:a'4, should be the entity 8(( x)). O

Denition 7.13. Let = (E;; C) beaconguration andv = (; ;) 2 V. The abstract
semartics of the navigation expressionis the function [] ., : Nav'! (Ent” (M [ fOg)) given
by:

il ., = g?;O)
< ((x); ((x) ix) n) it (x; (x)7)>n
[xa"]l., = (' (xxn G(;j 1) 1) if (x(x)*)<n?j=minfk>0jG(x;k)>ng
' (?,0) otherwise

The abstract sematrtics of the navigation expressionx:a" is de ned as a pair (e;k) where e is
either the (abstract) entity in which x:a" is actually interpreted or ? in casethe x:a" dereferences
a null pointer. The secondcomponert k 2 f0;:::M; g represents the o set of the instance
corresponding to x:a" with respect to the rst instancein e. If e = ? then k is setto 0. Note
that the valuen C(x;j 1) 1 canbe computer sincen < K( ) andit isnot . As expected
the semairiics of nil doesnot denote any ertity and therefore is (? ;0). As a notation we write
[ ]|l and [ ]|2 for the rst and the secondcomponert of [ ], respectively. Moreover, [ 1]=[ 2]
standsfor [ 1]' = [ 21"~ [ 0° = [ 2] Finally, wewrite [ ]= ? and[ ] 6 ? for [ J*' = ?
and [ ]|l 6 ? respectively.

Example 7.14. Using the cumulativ e cardinality computed in the previous example, we have
[xa®l , = (2 (%53 G(x1) 1)= (ey1). O

In the de nition of atomic valuations (seeDe nition 7.15) it is useful to refer to a notion of
distance of two navigation expressions 1 and , in the context of somevaluation. To be more
speci ¢ we do not needthe precisedistance between 1 and », but it is enoughto know whether
the distanceis unde ned (i.e., » is unreachable from 1), zero(i.e., 1 and » denotesthe same
instance of the sameertit y), or positive (i.e., from 1 it is possibleto reach ). Thesevaluesare
preciselywhat is neededto decideatomic propositions such asequationslike ; = 5 andleads-to
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propositions like 2. Thus, we de ne a three-valued function  that given two navigation
expressiongeturns unde ned (?), zero,or strictly positive (>) depending on the distance between
the two expressions.

For aconguration andav?2V,thefunction . :Nav Nav! f? ;0;>g is givenby:

v (il ; nil’) = 0
8
v(xah;nil) = > if 9j > 0: I([xa"],) = ?
? otherwise
lxary = O fball =2
v (nil;x:a™) ?  otherwise

if |[x:a“]|1;V = [y:a™ ]|1;V =7

if [x:a"] ., = [y:a] ., 6 ? and |[x:a”]|2;v 6

if [x:a"] ., = [y:a"] ., 6 ? and |[x:a“]|2;v = and
((y) m=n_ (y;x) n=m))

v(xah;y:am) > f |[x:a”]|1;v 6 |[y:am]|1;v and9j > 0: j([[x:a”]]l;v) = |[y:am]|1;v
if |[x:a”]|l;v = [y:a™ ]Il;v 6 ? and |[x:a”]|2;v < |[y:am]|2;v

> f |[x:a”]|1;v = |[y:a"‘]|1;V 6 ? and |[x:a”]|2;v = |[y:am]|2;v = and
((y) m>n_ (y;x) n<m)

" VARRKXRRRKARIY  /ARRKRXRRRXKAXRKARY/ ©O
o O o

? otherwise

The distance betweennil and itself is 0 by de nition. The distance between an expressionx:a"
and nil is 0 if x:a" refersto a null pointer and > if x:a" reachesa null pointer. The symmetric
case . (nil;x:a") is de ned only if x:a" denotesa null pointer and unde ned otherwise. This
is becausenil cannot lead to any special ertity. The more complex caseis . (x:a";y:am).
In particular by de nition the distance between x:a" and y:a™ is 0 if either both expressions
dereferencea null pointer, or they havethe samesemariics (de ned in both componerts). However,
in this last case,special attention must be devoted to the case[x:a" ]|2;V = . In fact, this means
that both x:a" and y:a™ denote somethingbeyond our range of precision, therefore it is not clear
whether the expressionsdenote the sameinstance or not. By de nition of K ( ), |[x:a”]|2;v =
can only happen when x and y are interpreted in the sameertity as x:a" and y:a™ (recall that
n;m < K ( )). Thus, to solve this ambiguity we exploit the distance (x;y). It is straightforward
to seethat x:a" and y:a™ point to the sameinstance (of the entity) if (x;y) m = n or

(y;x) n = m depending whether the interpretation of x precedesthe interpretation of y or
vice-versa. Finally, the distance ., (x:a";y:a™) is positive, either when the ertity wherex:a" is
interpreted reachesthe interpretation of y:a™ after j > 0 steps (provided [x:a“]ll;v 6 |[y:am]|1;v).
Otherwise, when x:a" and y:a™ are interpreted in the sameertity but the o set (from the rst
instance of the interpretation) of x;:a" is smallerthan the o set of y:a™. Again, asdiscussedabove,
if both o sets are then a casedistinction is neededaccordingwhether (x; y) or (y; x) belongsto
dom( ).

Having at our disposalthe functions [] ., and ./, we canintroduce the atomic proposition
valuations of a state q that are those g-valuations of basic propositions of Na™> TL (i.e., freshness
predicates, ertity equations and leads-to predicates) that make the corresponding propositions
true.

De nition  7.15. Let H bea HABA and let q2 Qg . The atomic proposition valuations of g are
de ned by the setAV, Vyofallv=(; ;) sud that:

= tt;
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=( newand[ I; ., 2 Ng;
(1= 2),and ¢ v( 1; 2)=0.
= 1 zand( gw( 1 2)=00r gun( 15 2)=>)

An atomic valuation with = newmust interpret among the set of new ertities in the state,
i.e., Ng. For the equality proposition 1 = », the distancebetween ; and » must be 0. For the
leads-to proposition 3 2 the distance between ;1 and , must be either 0 or positive (>).

Mo del-checking L, models. When we want to model chedk the HABA H, represertting the

semartics of aprogramp declvy;:::;vh i (s1 k  ksk) 2 L,, weshould make surethat the in-
terpretation in the valuations mapsthe special (free) logical variablesDeclLVar = fxy,;:::;Xy, d
onto the special entities represerting program variables, i.e., DeclPVar = fe,,;:::; e, g according

to the strategy described in Section5.2. That is:
DeclLVar = #

where# is the xed special interpretation that links DeclLVar to DeclPVar de ned by (6).

The next is the standard de nition of the closureof a formula

Denition 7.16. Let bean Na TL-formula. The closure of , CL( ), is the smallest set of
formulae (identifying ::  with ) sud that:

;2 CL( ),

2CL( )i 2 CL( );

if 1 22CL()then 1; 22 CL();

if 9x: 2 CL( ) then 2 CL( );

if X 2CL()then 2 CL();

if : X 2CL()thenX: 2CL();

if U 22CL()then 1; 2;X( 21U 2) 2 CL( ).

7.3 Tableau-graph for Na TL
In the rest of the paper, for 2 CL( ) let
= fv()
= (v()LE ()L E )

We now construct a graph that will be the basis of the model-chedking algorithm. The nodes of
this graph are called atoms and are built from states of a HABA and valuations of formulae from
the closure.

De nition  7.17 (atom). Givena HABA H and an Na™ TL-formula , an atom is a pair (q; D)

whereq 2 Quy, D f(; ;)2Vqj 2CL()gsud that for all v=(; ;) 2 Vg with
2 CL():

AV4 D;

if =: 9thenv2Di (% ;)2D;

if = 1_ 2,thenv2Di ( i; i i)2Dfori=1ori=2;

if =9x: OQthenv2Di thereexistsa( % % 92D suchthat = © |, = 0 |

and 9Yx)6 ?;

if =:X O%thenv2Di (X2 % ;)2D;
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if = 1U o, thenv2D i either ( 2; 2 2) 2 D, or both ( g; 1; 1)2D
and(X ; ; )2D.

The set of all atoms for a given formula constructed for HABA H is denoted Ay ( ), ranged
over by A; B. We denote the componerts of an atom A by (da;Da).

In order to de ne the transitions between atoms in Ay ( ), we needto de ne a notion of
correspondencebetweensomecomponerts of valuations of the sourceatom and valuations of the
target atom. This corresppndencemust be sud that the resulting graph is sound with respect
to the semariics of the formulae and the semartics of the underlying HABA. First we needsome
intermediate de nitions.

Auxiliary notation.  For setsS; and S; the disjoint unionis S;] S; = (S1 flg)[ (S2 f20).
A relation R on setsS; and S, can be seenas a directed graph Ggr = (S1] S2;R) with S1]1 S,
as a set of nodesand R as a set of arcs. For such a graph there are two injective functions
11 281182) 1 281 gnd , ;20811 82) 1 25 that project a subsetof nodesS  S;] S, onto Sy
and S;:

1(S)

2(S)

An undirected graph is called connected if ead node is reachable from any other node. A
directed graph is called weakly connected if neglecting the direction of the arcs (i.e., treating the

graph as an undirected one) it is connected. A connectedsubgraph is called maximal if it is not
a proper subgraph of any other connectedsubgraph.

faj(a;1) 2 Sg
faj(a;2) 2 So:

€1 €2 €3 €4 €3 €4
()
Q P (e Q 1 1 1
q ik 1
\ i ; '

1 1
qo 2 1

€6 €7

Figure 26: Weakly connectedgraphs de ned by a reallocation.

Example 7.18. Considerthe transitions q!  g%in Figure 26 (left). Considerthe graph depicted
in the right part of the same gure. It is obtained from the reallocation as relation between
the sets of ertities Eq and Eq. In this casewe have: setsfe;;esg, fex; es0, fer; es0, fes;esq,
fer;er; es50, fey;es; 659 are (weakly) connected. Setsfey; e;g and fes; ey; e3; e5; 659 are (weakly)

maximal connected. An example of non-connectedset is f e;; e3; €s5; €50. O
Prop osition 7.19. Forqu = ¢, if E is a maximal weakly connectedsubgraphof (Eq, ] Egq,; )
such that ? 2 E, then G, ( 1(E)) = G, ( 2(E)).

Proof. SeeAppendix C. O

This proposition statesthat in a reallocation , the consistencyon cardinalities® is not limited
to anentity e and its images(via ): it naturally extendsto the level of weakly maximal connected
subgraphsderived by . For example, in Figure 26, there exists a correspondencebetween the
global weight of fe;;e;;e3g and fes; egg that are projections of a maximal weakly connected
subgraph. The same consistency criterion holds for fe,g and fe;g since fey; e;g is maximal
connected.

92 is excluded since it is not a proper entity and it doesnot have a cardinalit y. Therefore it is meaningless to
require any kind of consistency.
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Atom reallo cations. We neednow to de ne the notion of arcs betweenatoms. They will be
of the form:

(D)1 (d%DY: (21)

In de ning this transition relation, however, few aspects desene special attention. More speci -

cally, there exist somedependenciesbetweenD and D %in casethe former contains valuations with

formulae involving a next operator, i.e., of the form X . In fact, such formulae expressproperties
that are not con ned to the current atom A but, on the cortrary, refer to every atom connected
to A by a transition. Therefore,if (X ; ;)2 D and( ; % 9 2 D°we have the following
dependencies:

the interpretation givenby °must agreewith the interpretation  accordingto the reallo-
cation ;

the distance given by © must agreeto the distance at least for those ertities that are
\in variant" under the transition.

The correspondencebetweenthesecomponerts is not trivial. For example, it is clearthat we would
like to have 9x) = ( x). However, for HABA with references,we can very well have that
i (( x))j> Lltherefore, Ux) canbeinterpreted onto anelemer of (( x)), say € Nevertheless,
since Yx) = €’ imposessomerestrictions on © (according to the de nition of valuation) then it
could be that theserestrictions are incompatible with the dependenciesthat must exist between
Oand . The risk we run hereis to set up a transition betweenatoms that would be unsound
w.r.t. the semarics of Na™” TL and the behaviour of the HABA. These considerationslead us to
de ne, given a valuation v which is the set of soundvaluations w.r.t. v after a reallocation . We
usethis setin order to rule out \bad" valuations in the target atom.

De nition  7.20. For statesqand ¢°, the valuation reallocator from q to ¢°is the function [ ]:

(Eq Eq! M) Vg! 2« that, givena g-valuation v and a reallocation :q= ¢, returns a
set of g>-valuations compatible w.r.t. v and . It is de ned as:

[ (s N=f(; % 92 Vypjcondition 1 and 2 holdg
1.8x2fv( ): qx)2 ( x)

2. for all weakly maximal connectedsubgraph Emes of (Eq] Eqe; ) andfor all x 2 fv( ) sudch
that ( X)2 l(Emcs):

(@ (rst (1(Emes)) ;%) = 0( rst ( 2(Emes)) :X)
(b) (x;last( 1(Emes))*) = Ax; last( 2(Emes))™)
© 8y2f( ): (Y2 1(Emes) ) (xy)= Axy).

Condition 1 states that for free variable x, the interpretation  9x) must be obtained by
applying to ( x). Condition 2(c) enforcesthe correspondencebetweenthe distance of variables
X;y interpreted on Encs. Moreover, the distance betweena variable x w.r.t. the beginning and
the end of the maximal connectedgraph (where x is interpreted), before and after the transition
must be presened (conditions 2(a) and 2(b)). The other distances between x and the ertities
within Enes can be derived from those distancesimposedby condition 2. Note that since °and

Oarein the context of a g-valuation, they satisfy, by de nition, the conditions of Table 4. The
choice of constraints imposedin the previous de nition derivesfrom the compatibilit y we want to
have betweenthe graph Gy and the allocation sequencesn the languageof H. It becomesclear
in the next example.
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Example 7.21. Considerthe reallocation on top of Figure 27 whereK ( ) = 4 and:

(,;y)=0 (y;ef)=1
vie)=2 (y;6)=

(y;x) =
(&%) = (x; 1) =
(x6) = (x €)=

The maximal weakly connected subgraph we are concernedwith in this example is given by
E = (fer;es; e3;€40; ). According to De nition 7.20,valuation ( ; % 9in[ ( ; ; )] hasat
least qx) 2 fes;e4g becauseof condition 1. Furthermore, by condition 2 the following distances
must be presened:

Xes;y) = (e5y) = 0
Ay;er) = (vigy) =
Ay;x) = (yix) =
Neg;x) = (eg5x) =
A e) = (xe) =

From these distancesit is possibleto derive the others. We start by computing the valuesfor y.
Since %e;;y) = 0 and by condition (Del ta Gamma 1) of Table 4 it follows %e;;e5) 1= ,
then we have:
(v;e3) 1=
which has as solution (y;e5) 2 f3; g. Moreover, from these values we can deduce (y;e,) =
(vie3) 1=
Concerning x we can immediately exclude 9x) = e, otherwise 9x;e;) 6 cortradicting
condition 2 of De nition 7.20. Hence, %x) = es;. Becauseof condition (Del ta Met 3) of
Table 4,
= (e3;63) 1= Yegsx) UAxed) 1

and since Ye; ;x) = the solution of the previous equationis 9x; e3) 2 f0;1;2;3; g. Moreover,
sinceC(ey) = 1then Yx;e;) = 9x;e,) = 0. Summarising we have the following possibilities for
the other valuesof ©

Ayiez) 2 13 g

Ayies) =

Ax;e5) 2 f0;1,23; g

A e) =
Someof thesesolution are impossible,and the informations we have to our disposalallow usto be
more preciseand by narrowing the set of possible °. We have not usedsofar that y;x) = . In
fact this implies Yy;e3) = excluding therefore the value 3 in the solutions previously computed.

Moreover, we can usethat Yx;e;) = and (e,;€;) = 0to gure out that actually the range of
solutions for  Y(x; €5 ) is much smaller than f0;1;2;3; g. In fact,

= We)= Axe)= Axes) Aezie)= Axe;) L

The solution of the last equationis qx;e;) 2 f3; g.

We may wonderwhy [ ( ; ; )] cortains sensibleoptions for the valuations ( ; % 9 that
must be contained in an atom in order to yield an edgein the graph. In order to give some
insights, let us consider how this abstract transition is re ected at the concrete level. In the
bottom of the Figure 27, two possibleconcretestates are depicted. They are generatedfrom g and
¢, and connectedby a reallocation °that is a concretion of . This is the particular casewhere

in the valuation by and , is projected at the concrete level to seweral choicesfor a concrete
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interpretation . Indeed, for x we can have: either (x) = €%, or (x) = € or (x) = €2. Fixing
one of these possibilities, by °we obtain Yx). Thus after the transition, we get the following
possibilities:

=€) =e Agix)= Y€)=

=€ ) =e Yeix)=  Axe)=

x)=€¢ ) A=e Ye:;x)=  Axe)=3:
Note that the rst two options are actually the sameand this is according to the solutions we

have found before. O
y .
e €2
q 2@——@*

i3 3 3 3 3 3 3 3 3 3 3 3 i
¢ €1 € €3 €1 €5 €6 & € ) €10 €11 €12 €4
y es 0 e

Figure 27: Dependencies(at the abstract and concrete level) between distancesof free variables
in a weakly maximal connectedsubgraph.

The de nition of valuation reallocator is extended point-wise to asetV V.

[
[ V= [ Vv
v2Vv

we can then de ne the composition for a chain of reallocations ;; ; o (with j > 0) of o-
valuation:
[ o VI=[j [ o VI

De nition  7.22 (tableau graph). The tableau graph for a HABA H and an Na™~ TL-formula
denoted Gy (' ), consistsof vertexesAy () and edges! Ay() (Ent Ent! M) Ay()
such that (q;D)!  (¢® D9 i

qr

foral X 2CL():(X; ;)2D, 9 ; %92 (; ;)nN\bpo

The reallocation attached on the edgeis the sameas the reallocation of the corresponding

transition in the HABA. Furthermore, in caseof a formula X in the source atom, there is a
transition if we have a valuation on the target state that cortains  where the componerts  ©,
and Carecompatible (in the senseof De nition 7.20)with the reallocation and the corresponding

componerts of the sourcestate. Sincethe set[ ( ; )] is not always a singleton, there canbe more
than onetransition to di erent atoms, concerningthe sameX (aswe have seenin Example 7.21).
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7.4 Paths

De nition  7.23. An (allocation) path in Gy ( ) isanin nite sequence = (o;Dgo) o (q1;D1) 1
sudh that:

1.op o 1 2 rungH);

2. foralli>0,(q;Di)! | (G+1;Di+1);

3.forali>0andall ( 1U »; ;)2 D, thereexistsaj > i sud that 9( »; % 9 2
DiVI[j 1 i (2 2; 2)]-

The next is the important conceptof ful lling path.

Denition  7.24 (fullling path). Givenan allocation path in Gy ( ), wesay that fulls
if the underlying run generatesan allocation triple ( ;N; ) suc that ;N;

As usual, if is clear from the context, we call a full ling path. Furthermore, if there
exists( ;N; )2 L(H) suchthat ;N; | wesa that is H-satisable. In contrast with the
de nition of HABA givenin [5, 6], arun of the HABAs we considerin this paper doesnot always
generatestriples ( ;N; ) in the senseof De nition 3.24. We write Gen( ) for the set of allocation
triples generatedby , and for a path we write Gen( ) for Gen( ) where is the underlying
run of

There is a correspondencebetweenthe satis abilit y of a formula in the HABA and the existence
of a ful lling path in the tableau graph.

Prop osition 7.25. is H-satis able if and only if there exists a path in Gy () that fulls
Proof. SeeAppendix C. O

De nition  7.26. A subgraph G® Gy ( ) is self-ful | ling if every node A in G° has at least an
outgoing edgeand for every ( 1U 2; ; ) 2 Da there exists a node B 2 G°such that

A=Aol Al 1 A1l A=B
9( 25 B:B)2DB\ [ 1 o (2 2; 2)]-
A prex in Gu( ) isasequenceAo! Al I Ai 1! Ajsudithat Agisan

initial atom (i.e., ga, 2 Iy ) and A; is in a self-ful lling subgraph. Let Inf ( ) denote the set of
nodesthat appear in nitely often in the path . Inf ( ) is a strongly connectedsubgraph (SCS).
We can prove the following implication:

Prop osition 7.27. isafullling pathin Gy( )) Inf( ) isaself-fullling SCSof Gy ( ).
Proof. SeeAppendix C. O

Finally, we can collect all the previous results into the following theorem:

Theorem 7.28. For any HABA H and formula , it is possibleto verify medanically whether
H?2

Proof. By Proposition 7.25,in order to provethat H 2 , it is su cien t to ched that in the graph

Gu () there doesnot exist aful lling path . By Proposition 7.27,for apath to beful lling it is

necessanto have asa Inf ( ) a self-ful lling SCS.Thus, in order to ched that is not satis able

in H, it issucient to ched that every self-ful lling SCSis not the Inf of any path. That is, if
is the set of all paths in Gy ( ) and

fw = f 2 j isafullling g
1 = f 2 jInf()isaself-fullling SCYy
in orderto prove , = ? it suces to shawthat 1= ? (since iy 1). But this is the case

(seebelow) if the following set scs is empty.
scs = FG® Gy ( )jGPis aself-ful ling SCSsud that a) and b) hold g

where
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a) there exists a ful lling pre x of G%
b) forall F2Fy :F\ fogjB 2 Gy6 ?.

We prove that
scs=7?7 ) 1=7:

By contradiction, assume ; 6 ? (and scs = ?). Take = Ap oA1 1 2 1. Since
is a path then = Oa, 00a; 1 is an accepting run of H (condition 1 of De nition 7.23).
However, this implies that condition b) of the de nition of scgs is satis ed. Furthermore, since
is a path there exists a pre x for Inf ( ). Hence,it must beInf ( ) 2 scs which contradicts
scs = ?. SinceSCSare nite and there areonly a nite number of them, it is possibleto verify
the emptinessof scs. O

The proof of Theorem 7.28 suggestsus a proceduredescribed by Algorithm 1 that can be used
to verify whether H 2

Algorithm 1 Procedurefor non-satis abilit y of
pro cedure NonSatis able(H; ) do
Construct Gy ( );
Construct the set of self-fullling SCS scs having a pre xes and satisfying the accept
condition on Fy;
if scs = ? then
Output: \H doesnot satisfy *;
else
return G°2 scs and its pre x asa (possible) courterexample;
end if
end pro cedure

8 Related work

History-dep endent automata. History-dependert (HD) automata [11] are the main inspira-
tion for HABAs. An HD-automaton is an automaton where states, transitions and labels are
equipped with a set of local namesthat can be created dynamically. HD-automata represen an
adequatemodel for history-dependert formalisms such asthe -calculus[10]. Reallocation of en-
tities in HABA resenblesthe reallocation of namesin HD-automata. Several novelties have been
introducedin the HABAs de ned in this paper w.r.t. HD-automata. First of all, the ability of en-
tities to refer to eadh other. This permits to describe, in a single state, rather complex structures.
Another extensionis given by the (local) cardinalities attached to ertities. Cardinalities permit
to represen a state at di erent level of abstraction. The relation betweentwo levels represering
the same pointer structure is characterised by the notion of morphism. By cardinalities, it is
possibleto treats someertities as black holes. This last feature allows us to deal with a possibly
unbounded number of ertities.

3-valued logic. In [13 14], a framework for the generation of a family of shape analysis algo-
rithms is presented. The framework allowsto reasonabout pointer structures in caseof destructive
updates. This methodology can be instantiated in di erent ways to handle di erent kind of data
structures at dierent levels of precision and e ciency. The 3-valued logic methodology and
ours appear complemenrary in seweral aspects. The major di erences with our approac can be
summarised as follows. In [14], states are represerted by predicates whereasour approac uses
automata. Moreover, Na™* TL provides somesecondorder capabilities given by the predicate leads-
to. Both methodologiesproduce only safeapproximations of the concretesystemthat is modelled,
false negativesmay be returned as result of the analysis. This phenomenonrequires somemeans
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to tune the abstraction, sothat a more preciseheapis obtained. To this end, 3-valued logic tech-
nology usesinstrumentation predicates Every predicate modi es the model (e.g., the operational
semariics of the system) and imposesthe duty to prove the correctnessof the new system with

respect to the original one. Our approad is instead parametric in the global constart M . For the
programming languageit alsodependson the constart L givento de ne L-canonicity of the state.
In order to increasethe precision of the heap represeriation we only needto increasethe two
constarts. The new model obtained corresponds automatically to the original one thanks to the
machinery provided by morphismsand cardinalities. There is no needto establishthe equivalence
of the two models. Statesin [14] are very abstract becauseof the use of a single summary node
and the approad is very generalsinceno restriction on the type of graph is imposed. We take the
opposite point of view. In our approac, we try to be more concrete by morphisms that exploit

information on the cardinality for ertities and by keepingexplicit singularities of the heap. This

should provide more precisionin the analysis(i.e., lessspurious counterexamples)sincethe amount
of nondeterminism is reduced. The price we pay for such precisionis a lessgeneralframework. It

would be interesting to study an integration of the two strategies.

[16] preseris a model and an algorithm to prove safety properties of Java objects and threads
basedon 3-valued logic. In this context, however, entities of di erent states cannot be related.
This problem is circumvented in the recernt paper [17] (again basedon 3-valued logic) that uses
reallocations similar to those employed by HD-automata and by HABA without referencesde ned
in [5, 6]. The paper proposesa rst-order modal (temporal) logic for allocation and deallocation
of objects and threads as well as for the speci cation of properties related to the ewolution of
the heap. The properties can be veried by an abstract-interpretation algorithm, sound but not
complete, that is also de ned in the paper.

Mo del-c hecking and logics for object-orien ted systems. Bandera[3]is amodel chedker for
Java that usesabstract interpretation and program slicing to yield compact state spaces.Another
model cheder for Java is Java PathFinder [7]. JPF employs garbagecollection in order to obtain
a nite state space.However, both approachescan only deal with a bounded number of objects.

Others.  An intuitionistic extension of Hoare logic, called Seration Logic for reasoningabout
shared mutable data structure in preseried by Reynoldsin [12]. The logic introducesa special
(conjunction) operator that allows to describe the separation of storage into disjoint parts. It is
possibletherefore to extend a local speci cation, involving only somevariables and parts of the
heap, to a global speci cation involving also other parts of the heap. The main strength of this
approad is the capability to reasonin a local fashion. The logic can addresssewral kinds of
data structures like lists and trees. [8] provides a classicalmodel for the approacd intro duced by
Reynolds, and the relation w.r.t. the intuitionistic is investigated.

In [1] a store-lessformalism for describing properties of linked data structures is de ned.
Moreover the paper introducesa logic, called Alias Logic, for reasoningabout destructive update
performed on data structures. For it a Hoare logic-like proof systemis de ned.

A spatial logic for reasoningabout directed graphsis studied in [2]. The logic is usedfor the
analysis of the manipulation of such graphs that are described by constructs of processalgebra.
An interesting feature of this logic is the possibility to reasonlocally about disjoint subgraphs.
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A Pro ofs of Sections 3 and 4

Prop osition 3.16 Let ; and ; betwo con gurations. If 3

Ml Lthen ;=  » wherelet

e2E ,ande’2 E ,:

_o_ C,(e ife’=h(e
(ese) = 0 otherwise.

Proof. It is enoughto provethat satis es ead of the conditions of De nition 3.12.

1. This condition is trivially satis ed sinceh is a morphism and therefore a function. Thus the
complete cardinality of an ertity e is transferred to h(e).
2. Follows by condition 4m of De nition 3.3.
3. Straightforward sinceh is a function.
4. Straightforward since (e) corntains only one elemer.
5. Straightforward from 1m of De nition 3.3.
O
Lemma 3.19 If ;= > and f:o 9and © via h; and h, then:

a) E gncod( 9 = h,*(E ,ncod( ))

b) E |

Proof.

cod( ).

a) we prove part a) by shawing the two set inclusions.

' ' Let e 2 E ,ncod( 9, by condition 4 of De nition 3.17 we have C,(h,(e)) 6 . By

(k > 0) such that

(e1; ha(e)) (&x;hz(e)) = C,(h2(e)) 6
By condition 2 of we have:
P P
e ha(@=( i (e)ha(e)) (ELr€2) e ha(@=( hu(elyha(ed) (6 €2) = C(ha(e) 6

But since C,(hy(e)) 6 there must be €2 h; Yfer;::i;e) such that (e%e) 6 0
otherwise the sum could not be precisely C ,(h2(€)) 6 . Therefore e 2 cod( 9 that
cortradict our initial hypothesis.

Let e 2 h, Y(E ,ncod( )) we prove that e 2 E ,ncod( 9. To this end assumee 2
cod( 9 then there exists € 6 ? such that (€%e) = 1. This implies by condition
2 of de nition  that (hi(€9;h2(e)) > (e%e) = 1. Hencehy(e) 2 cod( ) that is
impossiblesincewe have assumede 2 h, YE ,ncod( )).

b) Lete2 E ,. By condition 4 of De nition 3.17we have h, Y(e) cod( 9. Hence,by part a)

of the lemma we can concludethat e 2 cod( ).

O
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00

e s 0
Lemma 3.20 ( transitivit y). Letqg= o, = ¢ andg®= ° Then:

( 00 0 A 0 ) ) 00
Proof. By De nition 3.17 the following morphisms exist:
0 0
Mg @ "o o

Therefore by the properties of composition of morphisms we have g?° hi) o and of° h2 (o)
de ned as

h® = h} h

h® = h hy:

Thusthe rst condition of De nition 3.17for % s satis ed.

For the secondcondition, rst of all obsenethat by de nition, ¢?, ¢f and g?°and g2°are concrete
states sincereallocations ®and “are concretions. This implies that h$ and h are bijective. Let
e12 Eq and & 2 Eg,, we have:

ey, o P 0(e0- &0 .0
(Bi€) 1 7' (erien)=( ha(ed)ina(ed)  (E1:€2) [by hp: ]
= L
7! (e1:e2)=( h1(h2(e):h2(hY(ed) e edy [by hp: °  Oandh?, hY bijective]
P
T (e e e (el ) [by def. h? h2:

Hencealso the secondcondition of De nition 3.17 holds for 90
For the condition (No-Cross) we rst obsene that:

hited) = hifed) _ h3{ Mel)) = hit *1ed)) [by de nition of h§Th3]
) hu(h§(ed) = ha(h2(ed)) _ ha(h( 1&R)) = h2(h3( Xed))) [by (No-Cross)of I
) (h3(e)) @ hi(ed) () AN(ERD) o ANL(EZN) (22)

Now, note that since % 0 for the secondproperty of concretion and the bijectivit y of h{; h9,
we have qh9(ef9; h3( °Fed9)) = e® 99ed9) = 1. Therefore:

Ahi(ed)) = ho( ed)) (23)

In Figure 28 this corresponds to say that the front-low part of the diagram commutes. Hence,
assumeh{{e?y = h9{edy _ hIT °9ed9) = hIT °edy), we have:

60 o0 e [ concreteand Def. 3.3 3m]
) ho(ed) o h(e) [by (22)]
) A o AN3(ED))  [by (23)]
) h3( el g9 h3( Xedy) [by Def. 3.32m]
) N g ey
Vice-versa:
ey g0 e [ concreteand Def. 3.3 3m|
) h3( %%e})) oo h3( XEY) [by (23)]
) AnY(e)) o AN by (22)]
) h2(e}) o hi(ed)
) € a%° e
Therefore also condition (No-Cross) holds for % . Finally, for condition 4, let e 2 Eq.
If Cu(h2(e)) =  then Gy, (h2(h3(e))) = and because ° (using condition 4) if follows
h9(e) 2 cod( 9 that nally implies (by %  ©applying in particular condition 2) e 2 cod( %.
Sincealso condition 4 is satis ed we concludethat % . O
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Figure 28: Transitivit y of concretions: © 0

Theorem 4.5 If Hv H%thenL(H) L(H9.

Proof. Let ( ;N; ) 2 L(H). Then there existsarun = ¢ oth 1 such that  generates
( ;N; ) via a generator (hi)izn. SinceH v HO there exists ¢ 2 Ino sudh that g v hg ¢f and
moreover for all i > O there existsh?: g ! ¢°and ? sud that:

) G! oGs« andGe Vi, Pt

i) i Ovia h%h?

i |+1;

Consider the sequence:
0_—

=% ot 1
whereif g 2 F 2 F, then we take| amongall statesthat simulate ¢ | an acceptstate in H°
that satis es condition 2.b) of De nition 4.1, i.e., q® 2 (F) (where is the bijective function
described in that condition). Since is an acceptingrun of H, and becauseof the choice of the
acceptstateson ° described above, then also °is an accepting run of HC.

Hence, in order to prove that ( ;N; ) 2 L(HY we show that it is generatedby ©° by some
generator (h%;, . This correspondsto prove the existenceof such generator. For all i 2 N, let

h®= h? h;:

Sincehis the composition of two morphismsit is a morphism by Proposition 3.7. We shaw that
hPsatis es condition (1)-(4) of De nition 3.24.

1. since | i Othen by Lemma 3.20it follows 9 via h®and h?, .

2. By de nition of simulation we havel(¢d) = (N%hy 9 wherel (o) = (h, 2(N9; 9 and by
de nition of generatorN = (h8) (N). ThereforeN = (h§J (N9 and1(c) = (N%h3° ).
But then h°that satisfy condition 2 of the de nition of generator.

Hence (h%;,  is a generator from which it follows ( ;N; ) 2 L(H9. O

B Pro ofs of Section 5

Prop osition 6.14 If astate is L-canonicalthen:

a) is PV -reachable;
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b) for every state 9, if there exists a morphism h : I Otheneither = Oor OisL-unsafe.
Proof.

a) Let us partition E in two parts: the set EPV of PV -reachable entities and the set E* PV
givenby all the ertities not reachable by any program variable. It isclearthat E: PV [ EPV =
E andE'PV\ EPY = 2. By contradiction assume is not PV -reachable,i.e., E:?V 6 ?
and let e2 E* PV . By the properties of L-compactness(that must be satis ed by  sinceit
is L-canonical), sincee is unreadhable we havethat indegrege) > 1, i.e., there exists at least
e ePsuch that (€% = (€% = e. Furthermore, it must be €% €2 E* PV otherwise we

would havee 2 EPV that would corntradict our original hypothesis. Hence,we can construct
the following in nite seriesof sets:

Ag = feg
A = febj () 2Ag

It can be proved by induction oni that

8i2N:A EPV: (24)
This implies the following statemert (by set theory)
[ .
A EPV: (25)
i2N

However, since every ertities has only one outgoing reference,it can be also proved by
induction, that for all i 2 N we have:
[ [
Aj Aj .
06j6i 066i+1

S
Therefore,j ~;, Aij = ! that together with (25) implies both E: PV and E are in nite.
But this is impossiblesincein every state there is only a nite number of live ertities.
hy

b) Let ©be a state such that 0. We distinguish two cases:

{ his not cortractive. Then h must be an isomorphism by Proposition 6.3.

{ h is cortractiv e. Therefore there exists €2 E o such that jh 1(e9j > 1, i.e., the pure
chain h (&% that has more than one ertity is cortracted in €. Since is L-compact,
there exists e, 2 PV sud that d(e,;last(h 1(e9))) 6 L + 1, i.e., the last ertity of the
pure chain cannot be distant more than L + 1 from someprogram variable (in this case
e,). But, this implies that d(e,; rst (h (e%)) 6 L. We have that

d(h(e,);e% 6 L (26)

(the inequality is strict if h is also contracting for some other €% preceding €° or if
more than two ertities are mapped onto €%. However, jh 1(e9)j > 1 implies C(e%) > 1
that together with (26) violates the L-safenesscondition for €° sinceh(e,) 2 PV (cf.
condition (11)). Therefore Cis L-unsafe.

O

Prop osition 6.15 Let ; and , bea PV -reachable and a L-canonical con gurations, respec-
tively. If hy: 1 ! sandhy: 1 ! ,thenhy= h,.

59



Proof. Since ; and ; are PV -reachable,if €2 E | then there existse, 2 PV suchthat " (e/) =
e for somen 0. According to De nition 6.4, the number n is the distance betweene, and e
and we denoteit by d(ey;€). Therefore we can de ne the shortest distance from all the program
variables: d(PV ;e) = minfd(e,;e) 6 ? je, 2 PV g. Now, we prove:

8e2 E , : hi(e) = hy(e) (27
by induction on the distance d(PV ; €).

Base case d(PV ;e) = 0. That ise2 PV . By the global constraint (11) on page24 we have
hi(e) = hz(e).

Inductiv e case d(PV ;e) = n+ 1. By contradiction assumeh;(e) 6 hy(e). Since i is
PV -reachable, there exists €° ;1 e. By condition 3m of De nition 3.3 this implies that
hi(€) 2 hi(e) and hy(€) 2 hy(e). We have four dierent cases:

1. hi(e9) 2 hi(e) and ho(e9)  ha(e)
2. h1(e% =, hy(e) and ho(e®) 5 ha(e)
3. hi(e”) 2 hy(e) and hy(e”) = hy(e)
4. h1(e® = hy(e) and hy(e%) = hy(e)

Case1 implies h1(€9) 6 h,(e) becausefor every ertity there exists only one outgoing ref-
erence. But this is a contradiction since, d(PV ;€% = n, thus, by induction hypothesis,
h1(€) = ha(€).

Case 4 implies by induction hypothesis, hi(e) = h1(€%) = hy(e9) = hy(e) that againis a
contradiction becausewe have assumedh(€) 6 hy(e).

Finally, the more involved casesare 2 and 3. We prove 2 since 3 is symmetrical and can be
shawn preciselyin the sameway. Sinceh;(€% = hy(e) and ho(e9 , hy(e) and by induction
hypothesish; (€% = h,(e9, we have C,(h1(e?)) = becauseone morphism mapson it both
e;e” whereasthe other only one. Moreover fe% eg must be a pure chain sinceh; maps this
setin the sameertity. In turn, this implies

fha(e%; ho(€)g is a pure chain (28)

becausebeing a morphism h, maps pure chains onto pure chains. Moreover, since ; is
L-canonical, h, (€9 is at a distanceat leastL + 1 from every program variables otherwise »
would be not L-safe. But sinceh;(€% = hy(e® and hy(e®) 5 hy(e) then fhy(€9);ha(e)g is
not a pure chain otherwise L -compactnesswould be violated. But this contradicts (28).

O

Theorem 6.16 (Existence of the canonical form). For every L-safe and PV -reachable
con guration  there exists an L-canonical con guration °and a unique morphism h : 1o

Proof. If is L-compact, then it is L-canonicalby de nition, and we cantakeh = id .
Assumethen that  in not L-compact, we construct a L-compact °out of . Since is not
L-compact then by de nition:

9e2 E :(indegrege) =1~ 8e°2 PV :d(e®e) > L + 1): (29)

In other words ertities satisfying (29) form pure chains distant morethan L + 1 from every program
variable. Let Cq1;:::;Cy E be all such chains. In the construction of ¢ we needto exclude
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them. Let:

m
1

(E n(Cy ] [ Co)) [ frst(Cq);::i;rst (Ch)g
o = ( E n(Ci| [ C))I f(rst (Ci); (last(Ci))j16i6 ng

,g(e) if e2 E n(Cy [ [ Ch)

Co(e) enc, C (&9 ife= rst (C).

Hence, °= (E o; o;Co) is L-compact by construction since every pure chain violating the L-
compactnesscondition in  has beencollapsedin the rst ertity of the chain itself. Note that °
is L-safesince is L-safeand the compacted chains are those in  that are distant more than
L + 1 from the program variables, therefore, the multiple, unboundedertities that substitute these
chain in Oarestill at a distance at leastL + 1. We concludethat Cis indeed L -canonical.

We construct now, a morphism h : ! COFore2E and16i6 nlet:

_ e ife2 E n(Cy [ [ Ch)
h® = st(c) ife2C.
As expected, h correspondsto id on those entities that do not violate compactness,otherwise h

h is a morphism. In fact, by construction h satis es condition 1m-4m of the De nition 3.3. Note
that requiring to be PV -reachable is essetial for the existenceof h.
Finally, to complete the proof, we show that h is unique (up to isomorphism). To this end,

considera genericmorphism h®: ! 9 Since PV -reachable by hypothesis of this theorem,
and Cis L-canonicalby construction, we can concludeby Proposition 6.15that h = h® Therefore,
h is unique. O
Soziido--> 000
id }z
Oé < 00
hiy

Figure 29: Diagram of Proposition 6.20.

In the following lemma we prove that we can complete the diagram reported in Figure 29 by
a reallocation

Prop osition 6.20 Let and %e two L-canonicalstates. If =4 O™ 00 hz)  000gch
that

(@) 82 E wo:id *(hy h,%(e)) E? isachainand
(b) Co{e)= ) 2 2id *(hy h,(e)).
Then = 000yhere:

= f(e;exColhy *(er)\ hy'(e2))) jer 2 E g
f(e;?;C(e)je2 E nE og[
f(?;e;Coo€)je2 E wo * hy h,'(e)\ E = ?g:

Proof. We show that satis es all the condition of De nition 3.12.
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1. First of all notethat =2 OandthereforeC E \E 0= Co E \E o. Letey 2 E \ E o,
wehave C(e;) = Co(e1) = C oo(h, 1(e1)) by de nition of morphism. Every elemer of h, 1(e;)
is then remapped by h, to the corresponding ertities in (e;). Therefore

P

P
C (&) = C(h l(el)) T e2E oo er=hi(e)es=ha(e) C wo(e) = €2E o000 (CHE)

For e; 2 E onE we can show the correspondenceof the cardinality by the sameargumert.
For e; 2 E nE o the correspondenceof the cardinality is ensuredsince is de ned asid
that is a reallocation.

2. Similar to 1.

3. Lete2 E and A = fe?j (e;e) = g. By cortradiction, assumejAj > 1, then there exist
e1;6 2 A with Cooe;) = Coo(ez) = . jAj > 1 implies that e is split in more than one
ertit y during the transition. However, id precedeghe application of morphism therefore, the
splitting of e (that can only happensby h;) must happen after any changein the topology
of performed by id. Henceh, h; 1(e) must be a chain cortaining at least e; and e,.
In order to prove the statemert it is enoughto considerthe casewhereh, h; 1(e) is only
composedof e; and e; and we can either havee; oo e, Or & oo €. Without loss of
generality, assumee; e, (the other caseis symmetric and can be provedin the sameway).
By hypothesis °%s compact, therefore by de nition of L-safenessve have

8e, 2 PV :d(ey;e1) > L » d(e;e)> L (30)
and by the hypothesise; o0 e, we have
d(ev;e2) > d(ey;e1) > L: (31)
Moreover, by de nition of L-compactnesswe have
indegreg(e;) > 1_9e,0 2 PV :d(ep;e) 6 L+ 1: (32)
We distinguish the two cases:

if 9,0 2 PV :d(ey ;&) 6 L+ 1then by (31) wehavel < d(ey;e1) < d(ey;e)6 L+ 1,
which is a contradiction.

indegreg(e;) > 1 is also impossible since the rearrangemen of links takes place be-
fore splitting, therefore h, h; (e) is a pure chain by de nition of morphism, and
indegreg(ez) = 1.

The secondpart of this condition, i.e., fe?2 E wj (?;€%) = gj= 0 followsin a straight-
forward manner from hypothesis (b).

4. If C (e) = 1, then e can be reallocated only on a single ertit y that is a chain by de nition.
Otherwiseif C (€) 6 1then e canbereallocatedin more than oneertity. Nevertheless,e can
be split in more than oneertity only by the application of the inversemorphism h, %, that is
applied after the application of id. This meansthat when e is split, no other modi cations in
the link structure can happen. Therefore, sinceh; 1(e) is a pure chain, it will be remapped
by h, into another pure chain.

5. This condition follows in a straightforward manner from hypothesis(a).

Lemma B.1. Let ; bea concretecon guration. Then:

1 ™) 9( 2:hp) 2 SExg( );9hgp: 1 M2
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Figure 30: Interdependenceamong morphisms and reallocations in the assignmei rule.

Proof. We shaw the existenceof ( 2;hy) 2 SExf ) and hy, by construction. First of all, if s
L-safethen we trivially have ( ;id ) 2 SExd ) and hi, = h;. Therefore, let us assumethat is
not L-safeand let

E- =fe2E jOe) 61" 9e°2 PV :d(e%e)6 Lg

that is E<- is the subsetof non concreteertities that | being closerthan L + 1 for someprogram

variables| make non L-safe. Moreover, fore2 E , with h; Y(e) = ey;::::en, givenam > O let
Prex ,(e) = fey;:::;emg, i.e., Prex ,(e) is the pre x of the pure chain h; 1(e) containing the
rst m entities'®. Now, let ,= (E ,; ,;C,) dened as:
[
E, = E,nfe2h,}(e)je’2E<*g] Pre x ., (€)
e2 E<
1 ; — 0 <L
8e2E,: (0 = ,(last(hy “(h1(€)))) ife= Ifist(Prex L+ (€9) and €2 E
(e otherwise
dh,*(e) Le if e= last(Prex ., (€%) ande’2 E<-

Be2E.:C.(9 C,(e otherwise.
The previous de nition has the following intuition: E , is a subsetof ertities in E ,. Entities
mapped by h; in E<t are included only if they are amongthe rst L + 1 ertities of pure chain
described by h1. , and C, are de ned accordingto E , sothat » correspondsto an abstract
versionof E .

We now de ne the morphism h, and hi,. In particular for e2 E , let:

ha(e€) = ha(e) (33)

e’ if =g and16 j 6 L

hio(€9) = e+, otherwise.

(34)

Note that accordingto this de nition:
h]_ = hz h12: (35)

Since hy is a morphism (and by construction of ;) also h, is such. We prove that hy, is a
morphism by showing that it ful s condition 1m-4m of De nition 3.3.

Im. Lete2 E ,. Let h; l(hz(e)) = e;:::;€ey. By denition of hyp, we have e = g for some
16 j 6 n. We distinguish two cases:

1.if j 6 L then jhlzl(e)j = 1 by construction, and therefore hlzl(e) is a pure chain.

10in casem n then Prex ,(e) = h, *(e).
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also a pure chain.

2m. Let e;e®°2 E , such that e , €% Sinceh, is a morphism, then either h,(e) h2(€9 or
ha(e) = hy(e”). In the rst case,we have that (also becauseh; is a morphism):

last(h,,'(€)) = last(h; *(h2(e))) , rst (hy *(h2(e%)) = rst (hy,'(€9)
If ha(e) = hy(e”) the the property is ful lled observingthat by construction h; Y(hy(e)) =

rst L ertities of the pure chain h, *(h,(e)) then last(h,;(e)) = e , €= rst (h,;}(e9).
Otherwise, wherease must be at position L and €° at position L + 1. Thus, Iast(hlzl(e)) =
e, rst (h(e?)) = e +1.

3m. Let e;e®2 E , with e | €’ Assumeby contradiction that hi»(€% , hi»(€) then by
de nition of morphism hy(h12(€%)) , ha(hiz(€)) that in turn implies, by (35), hi(€9
hi(e) that is a contradiction becauseh; is a morphism. Henceit must be hiz(e) , hia(e).

4m. Fore2 E ,, we provethat C,(e) = C 1(hlzl(e)). According to the de nition of ,, we have
that the cardinality of ertities arethe sameasin 1 exceptfor every entit y that corresponds
to e = last(Pre x | ,; (€9) for somee®2 E<- . By de nition h;> mapsonto e the subchain

Hence, hi, satis es all the conditions 1m-4m we concludethat it is a morphism. O

The next lemma provesa property enjoyed by con gurations related by a morphism h after
the application of operations add, cancel or modify on both con gurations using the sameparam-
eters. The property is described visually in Figure 31: after the application of the corresponding
operation the con guration are related by a morphism h° which, were de ned, correspondsto h.
Lemma B.2. Let S; © betwo (0 <) L-safecon gurations such that ¢ "
and %= y:a™ with n;m 6 L. Then:

Sand = x:a",

1. add( ¢ ) " add( $; ) whereh (E ¢\ Eagq( c: y) = hC

0
o

2. cancel( ¢ ) cancel( S; ) whereh Egancel( : ) = hC

3. madify( %; 9 ™1 modify( % ; O whereh Emogiy( i o= h®
Proof.

1. By de nition we have:

add( % )
add( 3; )

hE c[ feg, cfe=|[ ]Ig,Ccf].:@Ip\/
hE <[ feYg;, sfe ]g;Csfi=gipy

wheree = min(EntnE ) and €= min(EntnE <). We de ne the function h®: Eagq( <. !
Eada( s: ) asfollows:

e ife=e
882 Eaa( o ) +h%e) = h(e) otherwise.

A consequenceof the interpretation # for program variables and of the hypothesis on the
morphisms (11) of Section 6.1 (seepage 24) is that the update on 3 (being L-safe) corre-
spondsto that in ¢ i.e, h(IT ] .4) =h({ 1 .4)- In particular, if unreachable ertities
are obtained by the changeson the topology, they are a subsetof ([ ]) and ([ 1),
respectively. This means,that in € and S ertities garbagecollected by the application of
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hipy are related by the morphism h. Hence,sinceh is surjective, then it follows that hOis
also surjective.

Moreover, becauseh is a morphism, it is possibleto show that also h° satis es condition
1m-4mof De nition 3.3 and thus h®is a morphism itself.

2. For the secondcasewe have:

(E onf[ 1g; - %Ce (E enf[ Jg)ipv
(E onf[ Jg; < SCe (E «nf[ I)ipv

cancel( ¢; )
cancel( 3; )

where :E ! E?’ and :E s! E? aredened as

ife2 IO DII] ? ife2 MMIDIILI]

. S(e) = :
e otherwise e otherwise

“(e) =
In this casewe de ne h®asrestriction of h on the remaining ertit y after [ ] hasbeenremoved
and garbagecollection hastaken place. That is
h°= h Ecancel( ¢; ):

By the sameargumert given for add( ¢; ), it follows that h°is surjective and, by being a
restriction of h, is a morphism.

3. Similar two the previous two cases.

O
add cancel modify
S Sadd( ;) S b——>cancel( °; ) S —— > modify ( 5;; 9
h ho h ho h ho
o soadd( %) ¢ ——>cancel( % ) ¢ ——— > modify ( ;; 9
add cancel modify

Figure 31: Applying the sameoperation on con gurations related by a morphism results in con-
gurations related by a morphism.

Lemma 6.25 de ned in rule (ASGN-sym)is a reallocation.

Proof. By Proposition 6.20, it is enoughto prove that it preconditions (a) and (b) are satis ed
by . For condition (a) we have to show that there doesnot exist an e in the target state such
that h hcfl(e) is not a chain in the sourcestate. By contradiction let us assumesuc e does
exist. Then, by de nition of morphism, hcfl(e) iS a pure chain in g 2 SEXf{{ ). This implies
(in particular using 3m) that alsoh hcfl(e) is a pure chain in q. Hence,sincethe chain does
not exist in the source state, then it must have been created by the rearrangemen of pointers

due to the execution of the assignmen. In the context of Proposition 6.20 this corresponds to
q A q. Sincethe chain is created by manipulation of a link by the assignmen there must
exist two ertities e;;e; 2 h hcfl(e) such that e; | €, beforeid and e; 0 €2 after. However,
q is L-compact and therefore PV -reachable, then there exists e3 6 e; suc that es | e (&3
could be either in PV or reachablefrom anertity in PV). But thenin | after the link between
e; and e; hasbeenset| we haveindegrege;) > 1, this implies that e;; e, is not a pure chain
contradicting our initial hypothesis. Therefore, precondition (a) is ful lled.

The condition (b) is straightforward sincein the assignmem no new ertities are created. [
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Theorem 6.27 For all program p:id(Ap) v Hp.

Proof. We prove the theorem by de ning a relation betweenid(A,) and H, and proving that it
is a simulation id (Ap) v Hy. Let

R=1(r; ©:(r; ®);h)2Qa, Qu, (Ent* Ent)jr2Par; °=cf( ©); h=hgg (36)

First of all we prove that R is a simulation, by showing that it satis es conditions 1.a and 1.b of
De nition 4.1. To this end, assume((r; ©);(r; 3);ho) 2 R

1.a) Straightforward sinceby de niton of R we have ¢ M1 s,

1.b) We prove by induction on the structure of the statemert r that the target state of every
possible(r; ©) satis es (i), (ii). We distinguish seeral cases.
Base of induction.

{ caser = new :a). By the rules of the concrete transition systemthe only possible
transition is:

new:a); °I 4 skipadd( ¢ ):

On the symbolic level we have:
new :a); 5!  skipcf(add( °; )):

with  de ned accordingto the operational rule. By LemmaB.2, add( ¢; ) hiy add( s; )
wherehy (E ¢\ Eagq( c; y) = ho. Thereforeif hy :add( °; ) ! cf(add( °; )) then
it follows that

hs=h, hy:add( ¢ ) ! cf(add( ®; ))

becauseof composition of morphisms. moreover, since cf(add( $; )) is L-canonical
by de nition, then it is th canonical form of add( ¢; ) via hz which is unique up to
isomorphism (cf. Theorem 6.16). But then by de nition of R we have:

(skip;add( ©; ));(skip cf(add( °; )));hs) 2 R

which proves(i).

For condition (ii) we must show that id via hy and hz. The rst condition of
De nition 3.17 has beenalready proved. For the secondcondition, let e; 2 E°then we
have:
(e1;her(€1)) = Cler) [by def in (New-sym)]
= dihy *(er)je [by morphism def.]

p e2h, (er) id(e;e) [by def. id and C(e) = 1]
= (evha(e)=( ho(e)ha(e) 19(8:€)  [No(€) = €1) hs(€) = ha(e1)]
The property (No-Cross)is straightforward since the execution of the statemert boils
down to the application of add( ©; ) that does not perform rearrangemen of links
betweenertities (cf. (13) page 26) and becauseid doesnot produce any permutation
of the ertities. Also condition 4 of is straightforward. In fact the only new ertity
in the concrete level is mapped by the morphism of the canonical form onto the new
ertit y of the symbolic level (that is concrete). To seethis, let Eqq( ¢, yncod(id) = feg
and (Eaga( = yncod( ) = fe%. By LemmaB.2 it must be (h, h;) (€% = eotherwise
hy (E ¢\ Eada( c: y) = ho would be contradicted (seealsothe proof of the lemma).

{ caser = del:a). In this case,on the concretelevel the only possibletransition is:

del(:a); ©1 4 skipcancel( ¢ :a)
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On the symbolic level:
del(:a); 1  skip cf(cancel( 5; :a))
where is de ned asthe operational rule. Again by Lemma B.2 we have

cancel( ¢ :a) ™1 cancel( % :a)

andif cancel( S; :a) hzy cf(cancel( ®; :a)) then cf(cancel( S; :a)) isalsothe canon-
ical form of cancel( ¢; :a) by the morphism hz = h, h;. This implies by de nition
of R:

((skip; cancel( ©; :a)); (skip; cf(cancel( ®; :a)));h3) 2 R:

Moreover, de ned in the delrule is the sameas the onein the newrule, therefore,
we have already shown in the case new( :a ) that conditions 1, 2, 3, of de nition
hold. For condition 4 it is enoughto obsenethat it is trivially true sincethe setof new
ertities is empty both at the concrete as well as at the symbolic level. Hencewe can
concludethat also for the caseof delwe have id

caser = j;:a:= j:a. By the rulesofthe concretetransition system,the only possible
transition is:

:a= 2 ‘1l oy skipmodify( ¢ q:a; o)
Let us indicate by ¢, the target state (of the previous concrete transition). On the
symbolic level we have:

1:a= 2@ °1 oy skipcf( x)

for ( x;hx) 2 SEx 9 where °= modify( S; 1:a; 2:@)and = hg h 1( S22 9.
As above, let usrefer to the target con guration of the previous symbolic transition by
S
trg-
Since this rule is nondeterministic, i.e., there can be more than one cf( x), we must
show that there exists a morphism h, for one of the possiblecf( ) resulting astarget
state of the rule.

Lemma B.2 allows us to concludethat there exists a morphism from §, and ©and
this is precisely hg (cf. Figure 30 left lower sub-diagram 1). Lemma B.1 then ensures
the existence of a morphism h¢ for one x 2 SExgd 9. Thus, we can dene h; :

g ! cf( x) ascomposition of morphismshy = her( x) h§ that by Proposition 3.7
is indeeda morphism (cf. Figure 30, sub-diagram3). But then since g, isL-canonical,

h, is the (unique) morphism that relate ¢, to its normal form, that implies
((skip; g o); (skip §4);h2) 2 R:

Now, we show that id . As for the previous statemert the rst condition of is
straightforward. In orderto provethe the second, rst of all obsenethe interdependence
of morphisms and reallocation depicted in Figure 30, and in particular, as we have
already seen,by Lemma B.2, the morphism between ¢, and Cisin fact hg. Hence,

trg
letet2 Eocandes 2 E F then we have:
P .
(e e2) = e2h, *(e)\ hyl | (ex) C(e) [by def in (ASGN-rule]
= j(hg) “(he(en)\ hyi (e2)i [by Figure 30]
= jhet(e)\ hy'(e) [by Figure 30]
P H .
= e2h, Y(en)\ h, L(e2) id (e;€)
P

(ex:e2)=( ho(e)h(e)) 1D (€5€):
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Finally, the reallocation id doesnot allow crossings,in particular becauselink updates
occur only on ertities with cardinality 1. Thereforethe condition (No-Cross)is satis ed.
Condition 4 of s trivially fullled sinceno new ertities are created in the concrete
and symbolic transition. We concludethat id

Inductiv e step.
We shaw now only onecaserelated to inductiv e step, namely the sequettial composition,
sincethe others can be shown in the sameway. Assumea concrete state

c ie. C
S1;82; 1

q

and a symbolic

° S1;Se; it

q
According to the concretetransition system,state g° canonly perform a singletransition

e 0. -
S1;82; 1! g Si:S2; 5

corresponding to a transition

. C 0. ¢
S1; 1! g S15 2

for somestatemert s? completely determined by the structure of s;. On the symbolic
level to the transition performed by ¢° correspondsto:

SHONE TR N
for some determined by the transition

S1; 1:

By induction hypothesiswe have ((s1; £);(s1; 1);hi) 2 R. Therefore:
(a) there exists h, sud that ((s9; $);(s?; $);h2) 2 R and
(b) id
But then by (a), (b) we have that:
hy:gf ! &
((s%;s2; §)i(stise; 3);h2) 2 R
id
Then by de nition, it is (d%; ¢°; h1) 2 R.
We concludethat the relation R is a simulation.

Now in order to provethat A, v H, we shaw that condition 2 of De nition 4.1is satis ed by
the simulation R.

2.a) Both automata id (Ap) and H, have only onesingleinitial state with the samecon guration,
namely (PV ;?; 1py ) that is alsoL-canonical. But the we have:

((r;(PV ;23 1pv ) (1 (PV ;25 1pv )5id (py 12 110, ))INR:

wherer is the initial statemert of the program p.

The secondcondition 2.a) that relatesthe set of new ertities N and the initial valuation
of the initial statesis trivial since| aswe haveseen| both id(A,) and H, have the same
singleinitial state.
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2.b) According to the de nition of acceptstate for id (Ap) and Hj, have the following sets:

Fiam, = fPGnPSRS LRy
FHp = fﬁs;:::;lfks;[:-ls;...;[:.ksg

thereforeas :Figa,)! Fn, wenaturally take:

(F) = F°
(F) = F?

for 16 i 6 k. It is straightforward to seethat is bijective. Now, let F 2 Fiqa,) and
q= (s; ) 2 F, we must prove that there existsq®2 (F) and a morphismh:q ! ¢’ sud
that (q;0%h) 2 R. Let °= (s;cf( )), the existenceof cf( ) is ensuredby Theorem 6.16since
g| beingconcrete| is L-safeby de nition aswell as PV -reachable by Proposition 6.10.
Having a L-canonical and well-formed con guration implies that q° 2 Qu,. Moreover,
g2 (F) sinceq and q° have the samestatemert s. But then by de nition of R we have
(g% h) 2 R.

Since condition 2.a) and 2.b) of De nition 4.1 hold we nally concludethat id (Ap) v Hy. O

Lemma B.3. Let Emax > Obea xed constart. If for all g2 Qu, : jEqj 6 Emax then jQu,j is
nite.

Proof. H, states are of the form g = (s;E; ; C). Let syax be the longest sequettial componert
in s and let m be the number of sequetial componerts. The number of possibilities for s is
bound by jsmax]™. Becauseof the use of reallocations we can consider states with ertities up to
renaming, i.e., we can always use ertities within a nite set with E.x elemens (by hypothesis
JEj 6 Emax)*. Furthermore, the componert rangesover the setof all possibleapplications from
E onto E? . Therefore, xing E we have (JEj+ 1)I¥i dierent possible . Finally the componert

possibilities. Summarising we have:

ax %a}(
jQHpj 6 jSmax]™ 2F mex (n+ 1)" (M + 1)"
n=0 n=0

(Emax + D)Em 1 (M + 1)Emx 1

6 jSmaxj™ 2™
JSmax] Emax M

Hence,Qu, is nite. O

Theorem 6.29 For all programsp, H; is nite-state.

Proof. By contradiction, assumeH, is in nite-state. Therefore, by Lemma B.3 there does not
exist a bound on the number of ertities in the states, i.e., there does not exist a constart, say
Emax > Osud that forall g2 Qu,: JEq) 6 Emax. Sinceevery state hasa canonicaland therefore
PV -reachable (cf. Proposition 6.14) con gurations, this can be the caseonly for two reasons:

either the number of PV is in nite,

or in the state there are unbounded chains of ertities.

11 As we have seen,this of course doesnot prevent to expressunbounded number of entit y creations.
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The rst possibility isimpossiblebecausepy de nition, PV is nite. The secondis alsoimpossible.
In fact, taking an unbounded chain, the number of ertities with indegree greater than one is
either unbounded or bounded. On the one hand, if we assumethat the number of such ertities
is unbounded, then since the state is PV -reachable this again would imply that PV is in nite.

On the other hand, if there is a bounded number of ertities with indegreegreater than one, then
sincethe chain is unbound it must be that after a certain point we have an unbounded number
of ertities with indegreeequal one, i.e., the chain becomespure. Again this is not possiblesince
states are in canonical form. O

C Pro ofs of Section 7

Theorem 7.5 For all HABA H such that C(H) = M < M: L(H) = L(H *M).

Proof. [L(H) L(H *M)] Let( ;N; )2 L(H),with =Eg oE1 1 .Let =@ oh 1 be
the run generating( ;N; ) by somegenerator (h;)izn. Wede ne arun %ofH *M that generates
( ;N; ) in the following way. Let °= ¢ oo §  wherefor all i > 0, we take ¢° 2 Sy such
that:

82 Eq :djh; *(e)iey = Ge(e):

By construction of the statesin ©and by the de nition of H * M for all i > 0 there exists a
transition ¢®1 ;. As df is an initial state of H * M and for every accept state g visited
in nitely often, alsothe corresponding accept state ¢ is visited in nitely often, we conclude that
02 rungH *M). Finally, it is possibleto show that generator (h;)i-n generates( ;N; ) also
from run ° Hencewe concludethat ( ;N; ) 2 L(H *M).

[L(H*M) L(H)] Let(;N;)2L(H*M), with =Eo oE; 1 ,andlet = ¢ o 1
be the run generating( ;N; ). Wedene = ot 1 sud that foralli> 0, whereg®2 S .
Since °2 rungH * M) implies 2 rungH) and ° generates( ;N; ) by a generator (h;)i2n

implies of generates( ;N; ) by the same(h;j)i2n, we concludethat ( ;N; ) 2 L(H). O
Prop osition 7.7 For all -valuation ( ; ; ):

@ (9 >0: 7 (x)=(y)67?)) (xy)2dom()

(b) (x)=(y)6? ) (xy)2dom()_(y;x)2dom()
Proof.

(@) If there existsj > 0 such that 1 ( x) = ( y) then by (Del ta Gamma 2) it can be
proved that for all 0< i 6 j we have ( ' L (x)*; ' (x) )= 1that in turn implies
(" (x)r T ( X) ) 2 dom( ). Similarly by (Del ta Gamma 1), it follows that
foral0<i6j: (" (x); " (x))2 dom(). Combining these facts, we have
(Cx) ;7 (x))=((x);(y)*)2dom() and moreover,j > 0implies (( x)";y) 2

dom( ). By (Del ta Thet a 2) (x; ( X)*) 2 dom( ). Therefore, we can conclude using
(Del ta Met 2) that (x;y) 2 dom( ).

(b) Since ( x) = ( y) 6 ? we haveby (Del ta Thet a 2):
((x) ;x)>0" ((x) ;¥9)>0
(X (x)7)>0" (y; (x)")>0

Thereforeby (Del ta Met 3) wehaveeither (( x) ;x) (Xy)= (( x) ;y)or (( x) ;V)
(y;x) = (( x) ;x). Hencewe have either (x;y) 2 dom( ) (corresponding to the rst case)
or (y;x) 2 dom( ) (corresponding to the secondcase).

O
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Prop osition 7.19 Foroy = @, if E is a maximal weakly connectedsubgraphof (Eq, ] Egq,; )
such that ? 2 E then G, ( 1(E)) = G, ( 2(E)).

SinceE is a maximal weakly connectedsubgraph, we have the property:
8e2 1(E): (e) 2 »(E)
8e2 (E): (e)2 ((E).

Thuswe canconstructan k matrix R whereR(r;c) = (er;¢e) (with 16 r6 nand16 c6 k).
Hencewe have:

G(1(E))
= G+ +Ge)p [by de nition]
= pia R@I)*+ +p S R(mj) [by def. of R and Def 3.12cond. 1]

iz RG: 1)+ + ;; R(j k) [sorting by column, by def. of R and Def 3.12 cond. 2]
G(E)+  + G(ef)
G( 2(E)):

O

We will now prove few lemmasthat that will be usedin the proof of Proposition 7.25. These
proofs usethe following notion. Let ®and be a concreteand an abstract con guration, respec-
tively. Let :fv( )* E o be an interpretation for the logical variablesover ° We extend to

the set of special logical variablesE asfollows. Leth: ° | ande2 E , then:
8
< (x) if x 2 fv( )
(x)= st (h e) ifx=e (37)

last(h *(e)) if x = €*

The next de nition provides us with a consistencynotion betweena concrete interpretation for

logical variables (in 9 w.r.t. a symbolic interpretation givenby ; in a -valuation when
0 h|
Deniton C.1. Let h: © | be a morphism whereCo = 1, ( ; ; ) a -valuation and

:LVar * E o. Then, ( ;h) is consistent with ( ; ) (written ( ;h) m( ; )) if
@ h =
(b) 8x;y2fv( )[ E : (x;y)= minfdnej " xX)=  (y)gwheremin? = ?.

We usethe previous de nition in order to keep consistency from state to state, betweenthe
interpretation given by the valuations of a path  and the interpretation of an allocation sequence
generatedby

Lemma C.2. Let = (g;Do) o(n;D1) 1 be a path and let be an allocation sequence
generatedby the underlying run of  with generator (hj)jon and 2 CL( ). Then for all i > 0

(shiym(hi 5 ) ) (shise 5 59200 (hi )l
i ;9.

Proof. First of all, werecallthat a °with the property ( ;  ;hi+1) m(hisx
(according to De nition C.1) as

Wcy)=minfdnej " (; ) )=(; ) (g

forany O9suchthat ( ;  ;hixa) m(hixg
: 9 isde ned
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forx;y 2 fv( ) [ Eq.. - Now, for brevity, let = h; and %= hjy
generator (Def. 3.24) we have that i and therefore

i . By denition of
[
((x); X)) 60 (38)
Hence,condition 1 of De nition 7.20is ful lled. We now prove condition 2.
Let E be a maximal (weakly) connectedsubgraphof (Eq ] Eq.,, ; ). Proposition 7.19 and
the property (No-Cross)of  (Def. 3.17) imply:
i *C2(EDi = jhi1 (2(E)i: (39)

That is: the number of ertities on the concretelevel that correspond to the rst and the second
projection of the maximal connectedsubgraph is the same?. For brevity, let C = jh, YC1(E))j

and let L )
hi "(1(E)) = € ;€
hoi(2(E) = €& el

Another consequencef (No-Cross)is that for all 16 m 6 C:
i (ehien’) 80 (40)

that is, the entity at position m in the chain corresponding to 1(E) is reallocated in the ertity
at position m in the chain corresponding to »(E). Therefore, it is straightforward to seethat the
interpretation of a variable x on 1(E) will have the sameposition in »(E), in particular, the dis-
tance between rst ( 2(E)) and last( 2(E))* is unchangedw.r.t. rst ( 1(E)) andlast( 1(E))*.
Hence, conditions 2(a)-(b) of De nition 7.20 hold.

For the other free variablesy with interpretation both on 1(E) and »(E) we have:

TCeN= o) MG D=1 ) Axy)=de (41)
Moreover, since( ;h;) m(h; ; ) we have:
FC)= () ) (xy) = de (42)
Thus, from (41) and (42) it followsthat ©satis es condition 2(c) of De nition 7.20. We conclude
that ( shia ;5 92[ (;hi )l O
Lemma C.3. Let = (g;Do) o(m;D1) 1 be a path and let be an allocation sequence
generatedby the underlying run of  with generator(h;)j2n. Then forallj > i> 0,
a) if (j i shp)ym(h i )then
(Shjs o920 (hy i)l
for any ©sudch that ( | i shs)mhja PO

b) if ( ;h;)) m(h; ; ) then
(:hi s i 920 1 iCshi 5]
for any °suchthat (; , i ahp)mthy O

Proof.

12Note that (No-Cross) is necessarysince if the cardinalities on the abstract level correspond, in caseof unbounded
entities, this doesnot necessarily imply that also at the concrete level the corresponding cardinalities are the same.
In fact, some entity may during the transition but this may not be revealed on the abstract level if the cardinalit y
is .
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a) Straightforward. In fact, let °= i1 i . Then by Lemma C.2 we have

b)

(shise 5 59205 (s %)

and therefore: ( ;hj+1 o920 (yo g i ;)] that in fact is
what we wanted to prove.

We prove this part of the lemma by induction on j > i. The base step corresponds to
Lemma C.2 therefore we showv here the inductive step. For the sake of readability, let
L= o1 iand ;= g i . First of all we prove that

Ly Cshpy 31 [ 5w Cshi ) (43)

The setinclusion (43) can be proved using the induction hypothesis:
Chp g c 92051 o2 (b )l

as follows:

[i i (b 5]

S
- v2[ | 1 (he ) v
S . .

vl (o ooy 5 e i VDD Col g )]
Hencecombining (43) and part a) of this lemma we conclude( ;hj+1 i )2
[ i (shi )l

o

Lemma C.4. Let = (E;; 1)and °betwocon gurations sudhthat "' Candv=( ;h ;)
Qvaluation. Then

(h; ym(h ;) ) h "((x)=[xa"l":

Proof. The intuition of this lemma is that the entity on the concrete level represening x:a" is
mapped precisely on the ertit y on the abstract level that correspondsto the (rst componerts of
the) semartics of x:a".

We prove this lemma by induction on n.

Basecasen = 0. If (x) = ? thenh (x) = ? (is unde ned) and by de nition |[x]1;v =?.
If (x)6 ? thenwehaveh O9( (x))=h (x)= |[x:a”]|1;v by De nition 7.13.

Inductiv e step. Assumethe statemert holds for n. We proveit for n+ 1. If (x) = ? then
"((x)) = " ((x)) = ?,that impliesh "( (x)) andh "*( (x)) are unde ned.
Becauseof the hypothesis of consistency we have immediately that alsoh (x) = ?
therefore by de nition |[x:a”]|1;v = [x:a"*! ]ll;V = ?. Therefore, assume (x) 6 ? and let
h 1(h (x)) =e;:::;& and (x) = &. We distinguish two cases.
1L.Ifi+n+16 kthenh "((xX))=h " ((x))=h (x). Since(h; Ym(h ;),
then (x; ( X)*) = dk ie> nthereforeby De nition 7.13we have|[x:a“]|1;v =h (x).
2. If i+ n+ 1> k again we distinguish two cases:
(@ Assumeh "( (x)) =h "1 ( (x)), thatis "( (x)) and "*!( (x)) are mapped

by the morphism h onto the sameabstract entity andlet = h; . By the induc-
tion hypothesiswe havethat h  "( (x)) = |[x:a”]|lo;v. Moreover, if |[x:a”]|lo;v =
Ts ( x) then

G(Xj)>n
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where the inequality is strict sincex:a" is not the last instance of |[x:a“]|10;v oth-
erwiseh  "( (x)) and h "1 ( (x)) would not be the same cortradicting the
initial hypothesis. But then G,(x;j) > n+ 1 and by De nition 7.13 we have
|[x:a”]|1;v = [xa"*t ]Il;v. Summarising in one line:

h "™(x)=h "(x)=xa"T, =[xa""1,

that is precisely what we wanted to prove.
(b) As a secondpossibility, assume

h ") = oh ") (44)

that is "( (x)) and "*1( (x)) are mapped by the morphism h onto consecutive
abstract ertities. This initial hypothesisimplies that "( (x)) denotes precisely
the last ertit y in the chain of concreteertities correspondingto h 1(h  "( (x))).
If this would not be the casethen also "*! ( (x)) would be mapped by h on the
sameertity (since h is a morphism) therefore contradicting the initial hypothesis.
Let = h;j and assumethat

xa"l% . = ot (%) (45)
for somej > 0. Then, by De nition 7.13we have:

né G(x;j 1)<n+1 (46)

where the last inequality is true otherwise [x:a"*! ]Ilo;v = 1 ( x) that would

imply that h " (x) is not the last entity of h *(h " ( (x))).

Now, by (46) it is straightforward to seethat G,(x;j 1) = n and therefore
G(x;j) > n+ 1. By De nition 7.13this implies [x:a"** ]|10;v = )y ( x). Note
that the entity Iy ( x) doesexist sinceit is the image (via h) of "*1 ().
Finally, we have:

xa" T, = Jo (X [by de nition]
o ot (%) [by (45)]
o([[x:a”]llo;v) [by induction]
oh " (x)) [by (44)]

h n+1 (X)Z
O
Lemma C.5. Let =@ oth 1 be a run generatinga triple ( ;N; ) with generator (h;)i2n
such that ;N; F . Let
Di = f(:hi ;9)j 2CL(); Ny, F g

8 y2fv( )[ Eq @ i(xy) = minfdnej { ()= (y)g

where s the extensionof to the setE, asde ned by (37) (cf. page71). Then (g;Dj) is an
atom for all i 2 N.

Proof. We shaw by induction on the structure of that D; satis es the conditions of De ni-
tion 7.17.

Atomic prop ositions. Give avaluation v= ( ; ; ), where is an atomic propositions,
we have to prove the following implication:

V2AVy ) v2Dy: 47
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To this end we needto prove the existenceof a suitable (concrete) interpretation  for fv( )
and extend it accordingto (37) (cf. page71). Suitable in this context meansthat the choice
of (x) should be such that isvalid and| at the sametime | = hj and = ;. We
now single out the three possiblecasesoccurring for the atomic proposition.

{ case = x:a"new Letv = (xa"new ; ) andleth, M x) = e;iine (k> 1)
and (x) = e, wherethe index 16 ix 6 k is chosenaccordingto the following rules:
8
< ((x) :x) it ((x) ;x)6 ~ ((x)";x)6
= k0 (x)7) it ((x);x)= " ((x)7;x)6 (48)

(€ x) 5x) it ((x) ;)6 "~ ((X)7x)=

Note furthermore, for the current casex:a" new, wecannothave (( x) ;x)= (x; ( x)*) =

otherwise this would imply [x:a"] . ( x) and C(( x)) = that is impossible
sincenew ertities cannot be unbounded. Hencethe choiceof i is deterministic. Given
such , let asusual beits extension, by construction we have:

hi = (49)
xy) = i(xy)
forall x;y 2 fv( ) [ E, . Hence,we can concludethat:

v=(x:a"new ;)= (xa"newh; ;): (50)

A consequencef (49)isthat (h;; ) m( ; ) andby LemmaC.4 we havethat |[x:a“]|qu v

hi  "( (x)). Fromv 2 AV it follows |[x:a”]|1qi v 2 Ng . Thus, by the properties of
the generator (Def. 3.24) | in particular as stated by Lemma 3.19| we have that
new ertities on the abstract level are related by the generator to the new ertities on
the concretelevel, i.e., "( (x)) 2 N; and therefore ';N,; F x:a" new Hence,by
(50) and by de nition of D;, we concludethat v 2 D; which proves(47).

{ case = (xa" = y:aM). Give a valuation v = (x:a" = y:a™; ;) 2 AVg, by
De nition 7.15we have . (x:a";y:a™) = 0 that by de nition implies
a) |[x:a”]|l;v = |[y;am]|l;v =9
b) [xa"l', = Iy;a"I', 6 ? and [xa"F*,, 6

o) [xa'l', = yia"l', 6 ? and[xa"]", = and( (xy) m=n_ (yix) n=
m
Let us discusshere b) and c) only. We needto show the existenceof a suitable
Assume:
hi (((x) = eniie,
hH((y) = eniinie

with ky;ky > 1. For the selectionof (x) and (y) we apply the samestrategy employed
for x:a" new. Namely, let (x) = e, and (y) = e, whereiy;iy are chosenaccording
to (51) and (52), respectively.

8
3 ((x) %) it ((x) ;)86 "~ ((x)";x)6

o2 k(7)) () )= N ((X)7x) 8 (51)
" 3 ((x) %) it ((x) :x)6 ~ ((x)7;x)=
CM <<k MO ((x) x)= A (X)) =
(Cy) :y) it ((y)iy)6 ~ ((y)':y)6

ook oyt iy sy ((y)'y) 8 (52)
g x> ((y) 3y it ((y)iy)6 ~ ((995y)=
T M<j<ky M i ((y)sy)= N (YY) =



Sincewhenboth ((y) ;x)= ((Y)";x)= and ((y) ;y)= ((y)";y)= the
indexesiy;iy are still not completely determined, then we selectthem sud that the
following conditions are satis ed:

ix iy=n m if (y;x) m=n

iy ix=m n if (y;x) n=m:
By construction we have that h; = and = j,orinotherwords, (h;; )m( ;).
To provethat v 2 D; it remainsto shaw that by the previous choice of (x) and (y)
we indeedhave: ';N;; F xa" =y:a™.
Assumecaseb) and let |[x:a”]2qi ., =16 ande= rst (h l([[x:a”]llqi .v))- Depending
whether x is interpreted onto [x:a"] . v Ornot, by de nition we have two possibilities,
namely:

@) if (x; [x:a"] . ) 2 dom( ) then by De niton 7.13C,(x;j 1)=n | land
therefore:
) =e (53)
(ii) otherwise([x:a"] . .vsX) 2 dom( ) in which casewe have (again by De nition 7.13)
(Ix:a"] . v+X) =1 nand by consistencyof we have
IICERCE (54)

Following the samelines, it is possibleto show that depending on the interpretation of
y w.rt [y:a™] .y either

M =e (55)
or

BRHCE() (56)
From the previous casedistinction we can determine the preciseinterpretation on the
concretelevel for ( (x)) and "( (y)). In particular, from (53) and (54) we obtain:

PN = 1T e = e (57)
)= ") = (e (58)
For the variable y, from (55) and (56) we have
U ER G E ) ¢ (59)
"Cy)= M "E) = (e (60)

from which we can concludethat in case(b), in any possibility,

rCe)= M) = (e

Now, assumecase(c). Let (x;y) = | (the case (y;x) = | is symmetrical). By
hypothesis,we have (x;y) m = nthat implies| < K( ) (by assumptionon stretching
seepage 7.1) and therefore, since is consistert we obtain !( (x)) = (y). But then

TCON = TN = PO = M)

Hencealsoin case(c) ['( (X)) = ™( (y)). Thus, by de nition of the semariics of
Na>TL for both cases(b) and (c) we conclude ';N,; F x:a" = y:a™ and thus

v 2 Dj.

casex:a" y:a".

Supposev = (x:a"  y:a™; ; )2 AV . By de nition of atomic valuation ( x:a";y:a™) =
> or ( x:a";y:am) = 0 and therefore be de nition of  we have the following possibil-
ities:
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a) [xa"l', 6 [y:a"l', and 9j > 0: I ([xa"l",) = Iy:a"T",

b) [xa"l", = [y:a™I', 6 ? and [xa"],, < [y:a"F*,,

C) |[x:a”]|l.v = |[y:am]|l.v 6 ? and |[x:a”]|2.v = |[y:am]|2.v = and ( (x;y) m >
n_ (y;x) n<m). ' ’

We dene (x) and (y) accordingto (51) and (52) as we have done for the caseof
equality. Therefore we have by construction = h; and = ;. In order to have
v 2 D; it remainsto shav that ';N;; F x:a" y:a™ for both a), b) aswell asc).

a) It is straightforward that at the concrete level, there exists j© > | sud that

4+i0 . . “
M) = i"( (y)) and therefore by de nition of the semartics of Na™ TL
we can conclude ';N;; F x:a" y:a™.

b) Aswehavedonefor casex:a" = y:a™, let |[x:a”]|2q‘v = lande= rst (h, ‘([x:a"] . V)
then by (57) and (58) we have I'( (x)) = !(e). By hypothesisthere exists 19> |

0
such that ( (y)) = }O(e). But this implies M ( (y)) = : '( "( (x))) and by
de nition ';N;; E x:a" y:a™.

c) if (x;y) m > nthen(x;y) 2 dom( ). Wecanhaveeither (x;y) = N then on the
concretelevel since is consistert there must exist 1> n sudithat '( (x)) = (y)
that is enoughto concludethat x:a" reachesy:a™. Otherwise, (x;y) = c6 and
since by hypothesisc+ m > n then, for the consistencyof , at the concretelevel

gemeone N (x)) = (y). Sowe are done.
Finally if (y;x) n6 m it is straightforward to verify that on the concretelevel
xa"  y:a™m.

Inductiv e step
case =: 9 According to the de nition of atom we have to prove:
v=_C %h :)2D;, (%h ;)2D;:
Straightforward from the de nition of Dj, and semariics of Na™~ TL, in fact:
v=( %h ;)2D;i , BN B ©
: BN 20
: ( %hi ;)2D;

case = 1 _ 2. As the previous case,straightforward from the de nition of D;, and
semartics of Na™ " TL, in fact:

(1_ 2shi 5 )2Di “Niv Foi_ 2

: BNy 1F aor 5N oF o

v (hi 1 1) 2 Dj or ( 23h; 2, 2)2Di:
case = 9x: ©
D 1 Suppose (9x: % h; ;) 2 Dithen ;N;; F 9x: % It follows that there exists

ane2 E, suchthat ';N,; fe=xg  ° By general assumption (see Page 42), x 2
fv( 9 and hencedom( fe=xg) fv( 9. Thus, ( %h; fe=xg; 9 2 D; where X(z;y) =
minfdnej ! fx=eg (z) = fx=eg (y)g.

[( 11 ( %hi  fe=xg; 7) 2 D; where Xz;y) = minfdnej [ fx=eg (z) = fx=eg (y)g
then ';N,; fe=xgF ° And therefore ';N,; F 9x: %and nally (9x: %h; ;)2 D;

where = ?
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case = : X 9 We have:

X %h ;)2D; BNps FiX 0
ST S
, PN 2
, f+1;Ni+1; i F 0
. BN EX O

1 U 2. To prove this casewe usethe following known equivalence:

case
N; F 1U 2, N, F o2 (1M X( 12U 2)

for all allocation triple ( ;N; ). Therefore we have:

(12U 2shy  ;)2D; “N,;, F o1U o
, SN F o2 (1M X( 12U 2)
; BNy 2F 20r
(5Nis 1 F 1and 5Nj; FX( 12U 2)
, (2hi 2, 2)2Djor
( 1hi L 1), (X( 12U 2);hi ;)2 D;
O
Prop osition 7.25. is H-satis able if and only if there exists a path in Gy () that fulls

Proof.

[( ]If there exists in Gy ( ) that fulls , by de nition this implies that is satis ed by
an allocation triple ( ;N; ) generatedby the underlying run of

[ 1 Now assumethat is H-satis able, andlet = o1 1 be arun generatinga triple
( ;N; ) with generator (h;)ion sudhthat ;N; F . Weconstruct apath = (go;Do) o
(u;D1) 1 that fulls  asfollows:
Di = f(;h ;)j 2CL(); “Ny; F g
where let be the extensionof to the setE, asde ned by (37) (cf. page71) then ; is
dened for all x;y 2 fv( ) [ E4 by:
i(x;y) = minfdnej {  (x)= (y)g

First of all, by Lemma C.5 (g;D;) is an atom for all i 2 N. Secondly we show that is
indeed a path by proving that it satis es the conditions of De nition 7.23.
1. By the construction of

2. By contradiction. Assumethat there existsani > Osud that (g;Di)! | (G+1;Di+1)
is not a transition of G. Take the minimal sudc i. Then one of the following must hold:

) g! . G+ isnotatransition in H. But this contradicts the fact that is arun
of H.

ii) By cortradiction assumethat there exists(X ;h; ; ;)2 Djsuchthat ( ; & 92
Di«y forall ( ; % 92[i (;hi ;). Butthenalso( ;hisz1 | ; i+1)2
Dix since( ;hisa ;5 ix2)2[ i ( ;hi ;)] (seeLemma C.3); hencethis
would imply 1N, 2 . But then also ';N;; 2 X , cortradicting

the construction of D;.
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Assume( ; % 927 (; ;)]\ Djs,but (X ; ;) 2D;. By construction of
Di+1,thetuple ( ; % 9 mustbeoftheform ( ;hix1 ; j«a)and %N, F
. Condition 1 of De nition 7.20implies that cod(h;z1 ) cod( ;). Then, since
i i, by Lemma 3.19 we have cod( )\ N;,;, = ?. Therefore there exists
O:fv( ) * Ent sud that

|
Now by the semartics of Na~>TL, *';N;,;; ; °F implies ";N;; °F X .
Thus by de nition of D; we must have (X ;h; % ;) 2 D;. Contradiction.

3. Assume( 1U 2hi ;i) 2 D;. By the construction of Dj, ";N;; F 1U ».
Therefore ';N; ; | 4 i fv( 2) F 2 forsomej > i. Dueto the construction
of Dj, it followsthat ( 2;h; i 2;j 2) 2 Dj and Lemma C.3,
(2 i 27 221 i (2ihi 2 i 2o -

Thus, isapath andit is fullling sinceit satises by construction.
O

Prop osition 7.27. If isfullling path in Gy ( ), then Inf ( ) is a self-ful lling SCSof Gy ( ).

Proof. Let G°= Inf ( ). GCis strongly connected. From the de nition of in nite setit follows
that there existsi > 0 such that the atomsin ' = (G;D;i) i(G+1;Di+1) i+1 are precisely
those in G% Furthermore, if there is an atom A 2 G%such that ( ;U 2; ; ) 2 Da, then there
existsj > i:(qg;D;) = A. By condition 3 of Def. 7.23 we have that there existsn > j sudc that
(2, 92D ,where( 2; % 92[, 1 (2 2; 2)]. But then (g,;Dy) 2 G°,
henceGU s self-ful lling. O
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